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Abstract  

This report describes techniques for the propagation of inputs with epistemic uncertainty through a 
black-box function that can be well characterized by a deterministic quadratic response surface model. 
The approach uses ellipsoidal representations of uncertain numbers such as intervals and Dempster-
Shafer structures over the real line. A particular efficiency that makes calculations comparatively easy 
arises from the combination of ellipsoidal inputs and a quadratic response surface. The multivariate 
version of an interval is often thought to be a rectangle or box, but this generalization is not the only 
one possible. This report explores an alternative generalization based on ellipsoids that facilitates the 
characterization of inter-variable dependencies. Calculations are much easier than they would be with 
rectangular intervals because simultaneous diagonalizations can be used both to account for 
dependencies and to eliminate interaction terms of the quadratic function.  
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Executive summary

The number of uncertain inputs and the computational complexity of some black-
box codes can severely constrain our ability to propagate uncertainty through them.
This report explores the use of efficient quadratic models for approximating the func-
tions underlying such black-box codes. Multidimensional ellipsoids can characterize
uncertainty regarding the inputs to these systems and propagate it through to the
output with only minor increases in the computational burden over what is mini-
mally necessary to describe the black-box function with a response surface model.
These methods fill a growing need for means to analyze extremely computationally
expensive models and legacy codes.

Uncertainty analysis characterizes the uncertainty in model inputs and prop-
agates it through to the model output. Well known methods include sensitivity
analysis, Monte Carlo simulation, interval analysis, probability bounds analysis,
and Dempster-Shafer theory. Conventional uncertainty propagation methods are
either numerical, requiring many repeated evaluations of the model, or they are
applied sequentially to the individual binary operations that comprise the function.
These methods break down when presented with black-box functions that are very
expensive to sample and whose precise functional form is not available for easy
inspection.

The methods described in this report make use of a well known result from the
theory of quadratic functions (Belman 1960, section 4.12). Under certain conditions,
two functions can be simultaneously diagonalized by the same linear transformation
of the variables. This transformation can be used to solve the repeated variables
problem in the quadratic model and simultaneously account for the dependence ma-
trix among uncertain inputs. This allows uncertainty regarding the precise value
of input parameters to be described in the form of intervals that range from the
minimum to the maximum value each input could possibly take. Mathematical pro-
gramming techniques may then be employed to solve the quadratic characterization
of the black box for its minimum and maximum values subject to the uncertain
interval inputs.

For many expensive black box models, the number of available samples may
often be insufficient to estimate a quadratic form for the black-box function or
the uncertain inputs using standard fitting algorithms or statistics. This report
also presents new algorithms for eliciting information from experts to complete the
characterization of these underdetermined systems that take full advantage of the
favorable properties exhibited by quadratic functions.

For pedagogical reasons, the presentation includes simple numerical examples
involving 2 or 3 input variables. Despite this, all of the ideas are perfectly general,
and the method works for an arbitrary n-dimensional problem. Indeed, standard
computational tools are available to make the required calculations.

7



Notation

X the lower bound of the interval X
x̃ the midpoint of the interval X
X the upper bound of the interval X
∆X the half-width of the interval X
[a, b] an interval with lower bound a and upper bound b
x a vector
‖x‖ the norm (Euclidean length) of a vector
X a matrix
Xt transpose of matrix X
X−1 inverse of matrix X
detX determinant of matrix X
∈ is an element of
≈ is approximately
def= is defined to be∑

summation
∅ the empty set
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1 Introduction

In principle, all measured parameters are uncertain, at least to the precision of
the measuring instrument and often much more so. Likewise, theoretically derived
parameters are only as certain as the theory upon which they are based, and models
themselves are generally incomplete and uncertain. Depending on the parameter and
the model, some of these uncertainties may exert a large impact on model results
and interpretation. The purpose of uncertainty analysis is to fully characterize the
extent and nature of uncertainty in model inputs and propagate it through the
model in order to calculate, understand, and make decisions that take into account
uncertainty in the output.

Uncertainty can be categorized into two primary types: variability and incer-
titude. Variability (also called randomness, aleatory uncertainty, objective uncer-
tainty, or irreducible uncertainty) arises from natural stochasticity, environmental
variation across space or through time, and other sources. Incertitude (also called
epistemic uncertainty, or subjective uncertainty) arises from incomplete knowledge
about the world. Sources of incertitude include measurement uncertainty, small
sample sizes, detection limits and data censoring, ignorance about the details of
the mechanisms and processes involved, and other imperfections in scientific un-
derstanding. Sensitivity analysis, Monte Carlo simulation, Bayesian methods such
as Bayes model averaging, interval analysis, and Dempster-Shafer theory are a few
of the ways uncertainty can be propagated through mathematical functions and
analyzed.

Many methods for uncertainty propagation are applied sequentially to the in-
dividual binary operations (the additions, multiplications, etc.) that make up a
calculation. Such methods have been called “intrusive” because they require knowl-
edge of the exact nature and sequence of these operations. This knowledge may not
always be available. In many applications, for example, an algorithm for computing
a function f(x1, . . . , xn) of uncertain quantities x1, . . . , xn may be written in a lan-
guage for which a parser is not available, or may exist only as a compiled executable
file, or may simply be too complicated for direct use to be practical or even possible.

In such situations, when we have no easy way to analyze the code and decompose
it into a sequence of arithmetic operations, the only thing to do is take this program
as a black box. To propagate uncertainty, one can apply the black-box function
to different real-valued inputs and use the results of this sampling to characterize
the uncertainty of the output. Such black-box strategies are reviewed by Trejo and
Kreinovich (2000).

An even more challenging problem is when sample evaluations of the black-box
function are limited to a relative few. This situation is common when, for example,
the program takes a long time for a single run. Alternately, even if time itself is
not a constraint, the program may require a supercomputer where each run costs a
significant amount of money. We shall call a black box expensive if, for any reason,
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the number of sample evaluations must be a relative few.
When the number of input parameters, x1, . . . , xn, is large, the high dimension-

ality will require many more sample runs of the black box to achieve an accurate
characterization of uncertainty in its value given the uncertain inputs. Under these
challenges, it is likely there will be fewer pairs of input values mapped to outputs
than would be required by traditional black-box approaches. Given the prolifera-
tion of complex computer codes that take weeks to run on massive supercomputers,
approaches for propagating uncertainty through expensive black boxes with limited
sampling need to be developed.

A new but not entirely satisfactory sampling approach for expensive black boxes
was recently developed by Trejo and Kreinovich (2000). The method can be applied
when the function around the inputs is assumed to be linear as a Taylor series
approximation. This assumption is reasonable if the uncertainty around the inputs
is relatively small compared to any nonlinearity of the function. The disadvantage
of this method for expensive black boxes, besides being a simulation approach, is
that the errors have to be relatively small in order for the assumption of linearity
to hold. Yet uncertainty analysis is particularly interested in the impact of gross
uncertainties on the model.

In this report, we propose a new algorithm for propagating uncertainty through
expensive black boxes that allows for inputs with larger uncertainty and more com-
plex associations between the input parameters. The algorithm entails maximizing
and minimizing a quadratic response surface model over an ellipsoidal constraint.
The quadratic response surface model is an approximating meta-model, or global
surrogate model, that describes the expensive black box. First, coefficients for the
response surface are estimated by running the black box, f , a set number of times.
For large n, the full quadratic response surface may not be estimated because it
requires a larger number of model runs than is available. This large number of runs
may be infeasible given the cost of evaluating f . To deal with this, we describe a
method for estimating a reduced quadratic response surface model when necessary.

A quadratic response model allows the magnitude of the uncertainty to be varied
after the black-box model has been run. This property of the response surface can
be exploited to propagate both interval and Dempster-Shafer structures through the
black box.

In the next section we describe the use of quadratic models to approximate
expensive black boxes. Favorable properties of the quadratic are reviewed including
the ability to fit realistically complex non-linear relationships and to be estimated
with far fewer samples than more general functions.

In Section 3 we review the use of intervals and Dempster-Shafer structures for
characterizing input uncertainty and propagating it through to the output of physics-
based models. The undesirable properties of these uncertainty characterizations
when used in multidimensional interval vectors are reviewed. This motivates the
search for a representation of intervals and Dempster-Shafer structures amenable to
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multivariate generalization as vectors.
Section 4 nominates ellipsoids as structures capable of characterizing interval

input uncertainty, propagating it through to the uncertain value of the response sur-
face model. An algorithm for eliciting input ellipsoids is presented and a numerical
example is given. Operations on quadratic forms are reviewed in Section 5 and the
procedure for optimizing the quadratic function given uncertain inputs described by
ellipsoids is given in Section 6. This minimization and maximization of the response
surface model subject to the ellipsoid constraints calculates the range of uncertainty
in the black-box function output that is due to uncertainty in the inputs. The final
section generalizes many of these results derived assuming interval uncertainty to
cases where input uncertainty can be characterized by Dempster-Shafer structures
on the real line.

2 Approximate quadratic models

Consider the problem of finding the range of possible values of a function y =
f(x1, . . . , xn) over the set S of all possible parameter vectors x = (x1, . . . , xn).
The range of y is an interval [y, y], where y is the smallest possible value of y =
f(x1, . . . , xn) under the constraint that (x1, . . . , xn) ∈ S, and y is the largest possible
value of y under this constraint. Thus, to find the desired range, we must optimize
the function f(x1, . . . , xn) over the set S of possible parameter vectors.

There are many efficient algorithms for optimizing functions under different con-
straints. Examples of such algorithms are the simplex algorithm, and Metropolis-
Hastings algorithms (Metropolis et al. 1953; Hastings 1970). Most of these algo-
rithms are based on an iterative strategy: we start with one or several initial tries x,
and we apply the function f to these tries. Based on the results of this application,
we try to predict how the function will behave for other values of the parameter
vector x, and based on this prediction, we produce a new vector xnew at which—we
hope—the value of f will be better than for the previous tries. We then apply f
to this new vector xnew, and, based on the results of this application, we update
the previous prediction of f ’s behavior. From this modified prediction, we produce
yet another vector x, etc. These optimization methods require that we apply f to
numerous combinations of parameters, i.e., to numerous values of the parameter
vector x = (x1, . . . , xn).

For many systems, this can be done, but some systems are so complex that
running the model f(x1, . . . , xn) even once may require several hours or even days
of computation on a supercomputer. For such extremely complex systems, we can,
at best, run the model f only a few times.

Because of this limitation, it may be preferable to run an optimization algo-
rithm on an approximation to the original function f(x1, . . . , xn) at each step of
this algorithm. To do this, we must provide an approximation fapprox(x1, . . . , xn) to
the function f(x1, . . . , xn) that this optimization algorithm can use instead of the
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original function f(x1, . . . , xn).
How can we get an easy-to-compute approximating model, fapprox(x1, . . . , xn),

that is reasonably close to the original expensive (i.e. very-hard-to-compute) model,
f(x1, . . . , xn)? A common strategy is to fix a family of easy-to-compute approxi-
mating models that depends on several coefficients, compute f as many times as we
can afford, and then tune the coefficients based on the results.

For expensive black box codes, a low-order approximating model is generally
needed because of the limited number of samples that can be practically computed.
The following table shows the relationship between model generality and the number
of samples required to estimate the model coefficients. n denotes the number of
uncertain inputs.

Surface Samples to parameterize
Linear n+ 1
Quadratic n(n− 1)/2 + 2n+ 1
Monotonic > 2n

General � 2n

The minimum number of samples required to specify the approximating model
increases dramatically as the generality of the surface increases. It takes two points
to specify a line, three a plane, and so forth. Given n = 6 variables, for example,
determining a linear model requires an absolute minimum of 7 generic samples.
Determining a quadratic surface in 6 variables requires 28 samples. The minimum
number of samples required to estimate coefficients for a generic monotonic surface
is minimally 26 = 64. Moreover, the number of samples needed is also a sharply
increasing function of the dimension of the problem, that is, how many inputs, n,
there are to the model.

The most widely used easy-to-compute models are linear models

fapprox(x1, . . . , xn) = f0 + f1 · x1 + . . .+ fn · xn.

To uniquely describe a linear model, we must describe the values of n+1 coefficients
f0, f1, . . . , fn. To determine the values of these n+1 coefficients, we must know n+1
different values of the function f . Suppose for some practical problem, however,
there are n ≈ 50 variables and we can afford between N ≈ 100 and N ≈ 200 calls
to the expensive black box model f . Because N > n + 1, we can determine more
than the n+ 1 coefficients needed for a linear model. In such a situation, clearly we
can go beyond a linear approximation.

After linear, the next natural approximation is quadratic. Because it is unlikely
that many black box codes of interest will be strictly linear, it seems reasonable
to seek an approach aimed at a compromise between the oversimplicity of a linear
model and the unworkable complexity and consequent computational burden of a
general model. Quadratic surfaces are the simplest structures that begin to show
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complexities such as maxima, minima, and saddle points that arise from functional
tradeoffs in a system response. A quadratic approximates an expensive function
f(x1, . . . , xn) with the quadratic expression

fapprox(x1, . . . , xn) = f0 +
n∑
i=1

fi · xi +
n∑
i=1

n∑
j=1

fi,j · xi · xj . (1)

This expression denotes what is sometimes called the response surface model. To
describe a general quadratic expression, we need to know one constant coefficient
f0, n linear coefficients fi, and n(n+ 1)/2 coefficients fi,j = fji. Thus, we must be
able to specify a total of (1/2) · n2 + (3/2) · n+ 1 coefficients. Figure 1 depicts how
this number increases with the number of input variables.
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Figure 1: Plot showing the relationship between the number of inputs to the black-
box model and the minimum number of times the black box would need to be run
to produce a quadratic response surface.

If we can afford the minimum number of runs needed, then the fitting of the
coefficients to the results is a straightforward matter using direct calculations (see
section 2.1) or statistical regression techniques. When the number of runs mustered
is larger than the minimum needed, we can obtain a measure of the unexplained
variation in f not accounted for by fapprox. Although the differences are likely to
be systematic rather than random, this measure is useful as a characterization of
how wrong the model is. Visualizing the residuals (observed values of f minus the
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values predicted by the fitted model fapprox) can be helpful in determining whether
the fit is reasonable or not.

On the other hand, we might have fewer than the minimum number of runs
needed. For instance, when n = 50, we would need

1
2
· 502 +

3
2
· 50 + 1 = 1,250 + 75 + 1 = 1,326

coefficients. If we can only run f at most 100 or 200 times, then we cannot parame-
terize the full quadratic model. We could, however, use a restricted quadratic model,
in which we select beforehand a limited number of possible nonzero coefficients fi,j .
Because we can only use N coefficients, and linear terms require n of them, there
are only N − n coefficients left to cover the quadratic terms.

The knowledge of which coefficients fi,j are probably 0 and which may be nonzero
can come from the designers or experts who have analyzed the system. How do the
corresponding nonzero values affect the system’s behavior?

• If fi,i 6= 0, this means that the dependence of the desired characteristic y on
the corresponding parameter xi is strongly nonlinear.

• If fi,j 6= 0, this means that the parameters xi and xj are interdependent in the
sense that the degree to which y depends on xi is different for different values
of xj .

We can therefore ask experts which parameters and pairs of parameters exhibit such
behavior. If there are too many (more than N) such parameters and pairs, we must
limit ourselves only to those parameters which are most nonlinear and to the pairs
which show the greatest dependence. To be able to do that, we ask the experts
not only to list the parameters that have nonlinear behavior, but also to rank these
parameters by the degree of nonlinearity. Section 4.2 describes an algorithm for
eliciting the required information.

Once an approximating model is parameterized using available sample data, un-
certain input values must be propagated through the approximation. Uncertainty
propagation algorithms entail additional computational overhead. The table below
contains order-of-magnitude estimates of the computational effort required to both
specify the surface via sampling and propagate uncertainty through the resulting
model. In this table, the value k represents the computational complexity of propa-
gating the uncertainty. For instance, if uncertainty regarding inputs is characterized
using intervals, k = 2. For uncertainty characterized using Dempster-Shafer struc-
tures, k increases with the number of focal elements used to describe uncertainty
regarding the input.
Note that there are certain economies evidenced by the formulas in this table.

In particular, as the number of dimensions (n) increases, an approach based on a
quadratic model offers a remarkably moderate increase in the computational effort
demanded. Projecting uncertainty through the quadratic surface requires effort
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Surface Effort to compute uncertainty
Linear nk + n+ 1
Quadratic n(n− 1)/2 + 2n+ 1 + nk
Monotonic > k2n

General � k2n

merely nk higher than the effort needed for sampling alone. This is only an additive
increase rather than the multiplicative (k times the sampling effort) increase that
would be necessary to propagate uncertain inputs through the more general surfaces.

2.1 Constructing the approximate model

We elicit knowledge from the expert(s) about the model and its input variables in
three steps. First, we ask the expert to list all the parameters xi for which the
dependence of the output y on xi is highly nonlinear. Among all these parameters,
we ask the expert to provide a ranking, so that these parameters are listed in the
order from the ones that exhibit the largest amount of nonlinear behavior to the ones
that exhibit the smallest amount of nonlinearity. Second, we also ask the expert
to list all the pairs of parameters (xi, xj) which exhibit interdependence, i.e., for
which the degree with which the output y depends on xi is different for different
values of xj . Among all these pairs, we ask the expert to provide a ranking, so that
these pairs are listed in the order from the ones that exhibit the largest amount
of interdependence to the ones that exhibit the smallest amount interdependence.
Third, in addition, we ask the expert to merge the rankings of parameters and
pairs into a single ranking. This task may be more difficult and somewhat more
subjective.

Then, from this joint ranking, we select N − n top parameters and pairs and
develop an approximate model, fapprox, (1) in which

• the coefficient fi,i can be different from 0 only if xi is one of the selected
parameters (selected for its high nonlinearity),

• the coefficient fi,j (i 6= j) can be different from 0 only if (xi, xj) is one of the
selected pairs (selected for its high interdependence), and

• all the other coefficients fi,j are equal to 0.

How we determine the values of the nonzero coefficients f0, fi, and fi,j depends on
how the samples were selected. There are two possibilities for how sample evalu-
ations are obtained from the black-box model. In the ideal case, we can actually
decide which parameter vectors to run through the black-box model. In other sit-
uations, we will not have a choice of selecting the parameter vectors. Someone has
already selected N different parameter vectors x(k) = (x(k)

1 , . . . , x
(k)
n ), 1 ≤ k ≤ N ,

ran the model for these vectors, and obtain the correspondingN values y(1), . . . , y(N).
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In the unplanned case, we have N linear equations for determining N unknown
parameters f0, fi, and fi,j :

f0 +
n∑
i=1

fi · x(k)
i +

n∑
i=1

n∑
j=1

fi,j · x(k)
i · x

(k)
j = y(k). (2)

In this situation, the only way to find these coefficients is to actually solve this
system of N linear equations with N unknowns. Solving such a system is feasible
for modern computer systems.

In the ideal case, we can select the parameter vectors so as to make the recon-
struction of the coefficients much easier, without requiring the solution of any large
system of linear equations. Here is the algorithm to do this:

• First, we pick a vector x(0) = (x(0)
1 , . . . , x

(0)
n ) that is inside the zone of possible

vectors, and run the model f on this vector. As a result, we get the value y(0).

• For each parameter xi for which fi,i = 0 (i.e., for which there is no nonlinear
dependence on xi), we select a deviation h that keeps us within the zone of
possible parameter vectors, forming an input vector

x(i) = (x(0)
1 , . . . , x

(0)
i−1, x

(0)
i + h, x

(0)
i+1, . . . , x

(0)
n ), (3)

and use the model to compute the corresponding value y(i) = f(x(i)). Since
fi,i = 0, from (2), we conclude that y(i)−y(0) = fi ·h, hence fi can be computed
as

fi =
y(i) − y(0)

h
.

The choice of h is arbitrary so long as x(0)
i + h remains within the interval

[xi, xi].

• For each parameter xi with fi,i 6= 0, to find the values fi and fi,i, we form the
vector (3) and the vector

x(−i) = (x(0)
1 , . . . , x

(0)
i−1, x

(0)
i − h, x

(0)
i+1, x

(0)
n ).

We then use the model f to compute the corresponding values y(i) = f(x(i))
and y(−i) = f(x(−i)). Because y(i) − y(−i) = 2fi · h, we can compute

fi =
y(i) − y(−i)

2h
.

Similarly, because y(i) + y(−i) − 2y(0) = 2fi,i · h2, we can also compute

fi,i =
y(i) + y(−i) − 2y(0)

2h2
.
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• Finally, for every interdependent pair (i, j), to determine fi,j , we form a vector

x(ij) = (x(0)
1 , . . . , x

(0)
i−1, x

(0)
i + h, x

(0)
i+1, . . . , x

(0)
j−1, x

(0)
j + h, x

(0)
j+1, . . . , x

(0)
n ).

Because y(ij) − y(0) = fi · h+ fj · h+ 2fi,j · h2, with the already determined fi
and fj , we can compute

fi,j =
y(ij) − fi · h− fj · h

2h2
.

Caveat. We note that the approach of using the highest degree model compatible
with the available number of samples is only reasonable for deterministic models
that are fairly well behaved. The approach may not be tenable if there is noise in
the output, or the black-box function is overly complicated.

In the rest of this document, we will assume that we already know the coefficients
of the quadratic approximation (2).

3 Standard structures for uncertainty

3.1 Intervals

Intervals are a natural way to express uncertainty about the value of a number. An
interval is a constraint on the value that a number can take. An interval is defined
on the real-line as X ≤ x ≤ X, where X and X are known respectively as the
infimum and supremum of x. The standard way to write an interval is as a pair
of bounds in square brackets, for example [2.5, 3.5]. These bounds imply that the
value the number can take is equal to or between 2.5 and 3.5.

Intervals can be used in arithmetic calculations. Any binary operation ◦ defined
on real numbers can be extended to intervals as

X◦Y = {x◦y : x ∈ X, y ∈ Y }.

Moore (1966) found these formulations devolve to simple rules by which two intervals
X and Y can be added, subtracted, multiplied, or divided:

X + Y = [X + Y ,X + Y ],
X − Y = [X − Y ,X − Y ],
X × Y = [min(XY ,XY ,XY ,XY ),max(XY ,XY ,XY ,XY )],
X / Y = X ×

[
1
Y
, 1
Y

]
given that 0 /∈ Y.

Unary functions and transformations of real numbers are likewise defined by extend-
ing the definition to intervals. For instance, the operator for squaring an interval
is

X2 = {x2 : x ∈ X} =


if X > 0 then [X2, X

2]
if X < 0 then [X2

, X2]
if 0 ∈ X then [0,max(X2, X

2)].
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By replacing the standard real arithmetic operations in a mathematical expression
with these interval operations we can propagate intervals through the expression.

Example. If we wanted to calculate bounds on the gravitational force exerted by
the moon on the earth we would replace the real number operators with interval
operators in Newton’s universal equation for gravity Fg = Gm1m2

r2
, where Fg is the

force of gravity, m1 and m2 are masses of two bodies, G is the universal gravitational
constant, and r is the distance between the two bodies. Bounds on G have been
calculated to be [6.672, 6.673]× 10−11 m3kg−1s2. Bounds on the mass and distance
can be inferred from the reported precision in standard sources. The mass of the
earth is [5.98, 5.99]×1024 kg and the mass of the moon is [7.34, 7.35]×1022 kg. The
distance between the centers of the earth and moon is [3.84, 3.85]× 108 m. We get
bounds on the gravitational force exerted by the moon on the earth to be

Fg = [6.672, 6.673]× 10−11m3kg−1s2 ([5.98,5.99]×1024kg)([7.34,7.35]×1022kg)
([3.84,3.85]×108m)2

= [1.97, 2.03]× 1020 N.

3.2 Dempster-Shafer structures on the real line

An interval provides no information on where the value is within its bounds. Such
questions of location are usually answered by probability theory. Probability theory
provides a rich set of tools to deal with uncertainty but at the cost of additional
assumptions. For black boxes we may not know the exact distribution of the inputs
to the model but we can usually say more about the value than just its interval
range. We need a structure that allows us to say more than an interval but not
as much as an exact probability distribution about the likelihood a value can take.
One option is to put weights of evidence on a collection of intervals. Such structures
can be built using the Dempster-Shafer theory of evidence (Dempster 1967; Shafer
1976; 1984; 1986; Klir and Yuan 1995; Sentz and Ferson 2002; Ferson et al. 2003).

A Dempster-Shafer structure is defined on a frame of discernment Ω, which can
be, in particular, the real line. Associated with every subset of Ω is a weight of
evidence given by a function m : 2Ω → [0, 1] such that

•
∑
m(Ai) = 1, and

• m(∅) = 0.

A focal element is defined as A ⊆ Ω for which m(A) > 0. For simplicity, we will con-
sider only finite Dempster-Shafer structures for which there are finitely many focal
elements Ai, where i ∈ {1, 2, . . . j}. We’ll also assume that the focal elements are
closed intervals, rather than more complicated sets. Implementation on a computer
of such a Dempster-Shafer structure would thus require storage for 3j floating-point
numbers, one for each mass and two for the corresponding interval.
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Dempster-Shafer theory has similarities to both interval analysis and probability
theory, and it is a generalization of both. The interval model of uncertainty can
be viewed as a special case of a Dempster-Shafer structure with only one element
A1 ⊆ Ω = R and m(A1) = 1. A Dempster-Shafer structure on the real line is similar
to a discrete probability distribution except that the locations at which the mass
resides are sets of real values, rather than precise points. These sets associated with
nonzero mass are called focal elements. The correspondence of probability masses
associated with the focal elements is called the basic probability assignment. This
is analogous to the probability mass function for an ordinary discrete probability
distribution. Unlike a discrete probability distribution on the real line, where the
mass is concentrated at distinct points, the focal elements of a Dempster-Shafer
structure may overlap one another, and this is the fundamental difference that
distinguishes Dempster-Shafer theory from traditional probability theory.

Yager (1986) defined arithmetic operations between Dempster-Shafer structures
that generalize the notions of interval arithmetic as well as convolution between
distribution functions. Finite Dempster-Shafer structures on the real line whose
focal elements are intervals are especially easy to use in practical calculations.

A Dempster-Shafer structure can capture a wide range of ignorance about the
underlying probability that a value can take. A weakness of Dempster-Shafer theory
is that it can be difficult to interpret and communicate what the structure means.
For a simple Dempster-Shafer structure of two or three focal elements the inter-
pretation is fairly straightforward and can easily be communicated verbally and
graphically. However, if the structure has 10 or more elements and some of the
elements overlap, the graphical display is more complicated.

3.3 Interval vectors

To handle complex black-box problems in which there are a large number of variables
as inputs to the model, a multivariate generalization of the concept of an interval
is needed. An interval vector of dimension n is x = (x1, x2, . . . , xn), where xi is an
interval. For n = 2 an interval vector defines a rectangle on the real plane and for
n = 3 an interval vector defines a box in three-dimensional space. An interval vector
is a constraint on the value that a vector can take. Algebraic operators for interval
vectors, like intervals, can be defined (Neumaier 1990).

The following example illustrates why, in some cases, interval vectors are inap-
propriate structures for computing with uncertainty in more than one dimension.
Consider the case of a rigid rotation. To perform a rigid rotation of a vector we
need to employ multiplication of a vector by a matrix. For n = 2, this is(

a b
c d

)(
x1

x2

)
=
(
a× x1 + b× x2

c× x1 + d× x2

)
.
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Multiplying a vector by a rotation matrix

R =
(

cos θ − sin θ
sin θ cos θ

)
.

will rotate the vector by θ radians. For example, to rotate the vector xt = (2, 3) by
π radians (180◦) around the origin, we would compute(

cosπ − sinπ
sinπ cosπ

)(
2
3

)
=
(
−1 0

0 −1

)(
2
3

)
=
(
−2
−3

)
.

Let us try something similar for the interval vector ut = ([−1, 1], [−1, 1]). Suppose
we wish to rotate the square defined by the interval vector u by π/4 radians (45◦):(

cos π4 − sin π
4

sin π
4 cos π4

)(
[−1, 1]
[−1, 1]

)
=

(
1√
2
− 1√

2
1√
2

1√
2

)(
[−1, 1]
[−1, 1]

)
=
( [
−
√

2,
√

2
][

−
√

2,
√

2
] ) = u1.

Now we wish to rotate the above answer u1 by an additional π/4 radians. Doing the
same calculation as above but substituting u1 for u we get ut2 = ([−2, 2], [−2, 2]).
Rotating the initial interval vector u by π/2 radians we get(

cos π2 − sin π
2

sin π
2 cos π2

)(
[−1, 1]
[−1, 1]

)
=
(

0 −1
1 0

)(
[−1, 1]
[−1, 1]

)
=
(

[−1, 1]
[−1, 1]

)
.

Why do we get two different answers dependent on whether we rotate the in-
terval vector u once by π/2 radians or twice by π/4 radians? Figure 2 shows
why the two sequential rotations blow up the bounds on the answer. The vector
ut1 = ([−

√
2,
√

2], [−
√

2,
√

2]) is not the exact solution set but rather the interval
hull solution. The interval hull solution is the interval vector with the smallest
width which encloses the solution. It is possible that the interval hull solution
contains elements which do not satisfy the constraints. The actual solution set
for the rotated vector is enclosed by line segments with the following coordinates
{(−
√

2, 0), (0,
√

2), (
√

2, 0), (0,
√

2)}. So when we do the second rotation of π/4 ra-
dians, we are not rotating the exact solution set but the interval hull. In the second
rotation we are getting the interval hull of the rotated interval hull, hence the in-
flation of the interval vector’s width by a factor of 2. Moore (1966) calls this type
of inflation the “wrapping effect”. Certain rotations, like π/4 radians, for interval
vectors are not affine transformations. An affine transformation maps parallel lines
to parallel lines. What we need is a structure like interval vectors which allows for
affine transformations over a larger range of rotations. One possible candidate is
the ellipsoid, a multivariate generalization of the ellipse. Before we can explore such
use of ellipsoids we need to define what a quadratic form is.
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A. B. C.

Figure 2: Geometric demonstration of the wrapping effect. Graph A shows the
original interval vector ut = ([−1, 1], [−1, 1]). Graph B shows the vector rotated
π/4 radians and u1, the interval hull solution. Graph C shows the original interval
vector rotated a total of π/2 radians, the rotated interval hull of graph B, and u2

the interval hull of the rotated interval hull.

4 Ellipses and ellipsoids

On the real line, an interval is a natural way to represent epistemic uncertainty
about a value. In higher-dimensional Euclidean space, there are multiple ways to
constrain the value that a vector can take. We could express the constraints as
interval vectors, but doing so would expose us to the wrapping effect discussed in
section 3.3. We could instead express constraints on the value of x as ||x−x0|| ≤ C,
where x0 is the coordinate of the center of a sphere, and ||x|| denotes the Euclidean
length of the vector. This is a natural way to constrain a value that a vector can take
and the constraint has some nice properties, like invariance under rotation around
x0. The problem is that the uncertainty in each dimension has to be of equal
magnitude. This is unrealistic for parameter inputs to real physical models because
there will be a mix of different units where numeric values could be different by
orders of magnitude. We need an easy way to specify constraints that allows tighter
bounds on the value a vector can take.

A generalization of a sphere that can have different breadths in different dimen-
sions would be an ellipsoid. It turns out that ellipsoids have several advantages that
recommend their use in expressing uncertainty (Neumaier 1993; Kreinovich et al.
1998).

The ellipsoid is a multivariate generalization of the ellipse. The ellipse, a conic
section, has a major and minor axis. Along the major axis are two foci. Rather
than having a single radius like a circle an ellipse has two radii, r1 and r2, one radius
originating from the first focus, and the other originating from the second. Their
lengths are constrained by the following relation r1 + r2 = 2C, for some constant
C. By varying the location of the foci along the major axis an ellipse can be scaled
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along each of the axes. This property will allow an ellipse and its multivariate
generalization the ellipsoid to effectively constrain the value a vector can take. An
ellipse has a centered form

1
a2
x2 +

1
b2
y2 = 1.

Note that this format has no interaction term cxy. The point a = (a, 0) is the
maximal value the ellipse reaches along the x-axis. The point b = (0, b) has the
same property along the y-axis.

An ellipsoid can be inscribed within the multivariate rectangle or box if the
corners of that box, which represent extremes in multiple variables, are impossible.
This ellipsoid projects to each axis as the same univariate interval that described it.
Otherwise, the ellipsoid can circumscribe the rectangle or box and, even though it
will be slightly larger than the box, it will still have favorable properties under rigid
rotations needed to account for dependencies. We will call the former the ‘inner
ellipse’ and the latter the ‘outer ellipse’.

Given an interval vector p = ([5, 10], [1, 3]), the inner ellipse can be constructed
by first computing the half-widths for each element of the vector. For the interval X,
the half-width is computed as ∆x = (X −X)/2. For p, we have ∆x = (10− 5)/2 =
5/2 and ∆y = (3− 1)/2 = 1. Let α = 1/a2 and β = 1/b2. Then α = 1/(12) = 1 and
β = 1/(5/2)2 = 4/25. The constraint, based on p, is

(1)x2 + (4/25)y2 = xt
(

1 0
0 4/25

)
x ≤ 1,

with x = x0 − (X + X)/2 = (x0 − 15/2) and y = y0 − (Y + Y )/2 = (y0 − 2). The
formula for the inner ellipse is thus

4
25

(x− 15
2

)2 +
1
1

(y − 2)2 ≤ 1.

Figure 3 illustrates how the inner ellipse is inscribed within the interval box.
Note that the inner ellipse does not include all possible values of the interval vector.
In fact, less than 80% of the values in the box are enclosed by the ellipse. The values
that are excluded are those that are simultaneously extreme in multiple dimensions.
For instance, the ellipse does not enclose the vector (x = 5, y = 3). This feature of
the inner ellipse may make it more attractive as a multivariate model of epistemic
uncertainty if such simultaneous extremity is highly unrealistic.

The outer ellipse or elliptical hull should just completely enclose the interval
vector p. The formula for computing the minimal outer ellipse for p is slightly
more complicated than the formula for the inner ellipse. The squared distance from
(x0, y0) to any of the vertices of the interval vector is r2 = ∆2

x + ∆2
y. For the ellipse

to intersect the vertices the following equality will hold at a vertex:

α∆2
x + β∆2

y = 1.
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5 10

1

3

Figure 3: Inner (filled gray) and outer ellipse bounds for the interval vector p =
([5, 10], [1, 3]).

Solving in terms of α and noting that ∆2
x = r2 −∆2

y, we obtain

α =
1− β∆2

y

∆2
x

. (4)

The simplest outer bound to compute for p would be a circle having a center at
(x0, y0) with a radius r =

√
(5/2)2 + 12 =

√
29/4. Note that by construction this

circle intersects each vertex of the interval vector but that it is not an optimal bound
on p. It constrains p well along the x-axis but not as well along the y-axis. One
option to make the fit bitter is to increase β while recomputing α using equation
(4). A more rigorous approach is to find the minimal-area ellipse that encloses the
interval vector.

The area of an ellipse is A = abπ. In terms of α and β, the area is

A = π
1√
α

1√
β
.

Substituting for α and with some algebraic manipulations, the area can be written
in terms of β, ∆x, and ∆y as

A = π

√
∆2
x

(1− β∆2
y)β

.

The partial derivative with respect to β is

∂A

∂β
=
−π∆x(1− 2β∆2

y)
2(β − β2∆2

y)
.
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Setting this to zero and solving for β, we find the minimal area for an ellipse occurs
when β = 1/2∆2

y. For the interval vector p, β = 1/2. Knowing the value for β, we
can compute the value α. The minimal area ellipse enclosing p is

(2/25)x2 + (1/2)y2 = xt
(

2/25 0
0 1/2

)
x ≤ 1.

with x = x0− (X+X)/2 = (x0−15/2) and y = y0− (Y +Y )/2 = (y0−2). Figure 3
also shows how the outer ellipse circumscribes the interval box.

There are some disadvantages to ellipsoids as higher-dimensional structures for
representing and propagating uncertainty. Unlike interval vectors, ellipsoids are not
closed under set-based operators for addition and subtraction. The Minkowski sum
of two ellipsoids is not an ellipsoid.

4.1 Describing model inputs

The first step in uncertainty propagation is to describe the set S of all possible
parameter vectors x = (x1 . . . , xn). For many complex systems, this information
has to come from experts. For each of the parameters xi, the experts must provide
us with the range of the values of this parameter, i.e., with the interval [xi, xi] of
possible values of xi. Once we know these intervals, we can then guarantee that the
possible values of x are inside the box

[x1, x1]× . . .× [xn, xn]. (5)

This does not, however, mean that all the vectors x within this box are indeed
possible. In some cases, there is a correlation or relation of some kind between the
parameters xi. For example, positive correlation between x1 and x2 means that, in
general, larger values of x1 correspond to larger values of x2, and vice versa. In this
case, it is highly unlikely that the parameter x1 attains its largest possible value
x1, and at the same time the positively related parameter x2 attains its smallest
possible value x2.

Even when there is no correlation between the two parameters, i.e., if these
parameters are, in this sense, independent of each other, not all pairs (x1, x2) may
be possible. It may be possible that the parameter x1 attains its extreme value x1,
and it may be possible that the parameter x2 attains its extreme value x2, yet it
may be reasonable to believe that both extreme situations cannot occur at the same
time.

In both the cases of correlation and independence, the set S of possible parameter
vectors is a proper subset of the box (5). How can we describe such a subset?
Clusters formed by real data points can be circumscribed. The boundary delimits
the region where points occur (the cluster) from the region where they don’t occur
(beyond the cluster). We can describe this boundary by an equation b(x1, . . . , xn) =
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C for some smooth function b(x1, . . . , xn) and for some constant C. As a result, the
set S itself can be describe either by the inequality

b(x1, . . . , xn) ≤ C. (6)

An arbitrary smooth function can be approximated by a polynomial, so, instead of
the general set (6), we can consider the approximating set

a(x1, . . . , xn) ≤ C, (7)

where a(x1, . . . , xn) is a polynomial that approximates the function b(x1, . . . , xn). As
we have already mentioned, the simplest possible polynomials are linear polynomials
a(x1, . . . , xn) = a0+a1 ·x1+. . .+an ·xn. However, for a linear function a(x1, . . . , xn),
the set of all the vectors x for which a(x) ≤ C is a half-space, i.e., a set that is not
bounded in many directions, while we want a set S that is inside the box – and
hence, bounded in all directions. Thus, if we restrict ourselves to only linear terms,
we do not get a good approximation to the set (6).

To get a reasonable characterization of a bounded set, we must consider at least
quadratic polynomial approximating functions a(x1, . . . , xn). In particular, for the
simplest nonlinear polynomials – quadratic polynomials – the approximating set (7)
takes the following form:

a(x1, . . . , xn) = a0 +
n∑
i=1

ai · xi +
n∑
i=1

n∑
j=1

ai,j · xi · xj ≤ C. (8)

In principle, an even better description of the actual set (6) would use third-,
fourth-, and higher-order polynomials, but describing higher-order approximations
would require even more coefficients to be elicited and the resulting structures would
therefore be much harder to characterize and manipulate.

For a quadratic function a(x1, . . . , xn), the bounded set of all the values of x for
which the inequality (8) holds is an ellipsoid. It should be understood that ellipsoids
have been widely used for the efficient description of uncertainty. For instance, there
have been many applications with an interval-analysis perspective in control theory
(e.g., Belfonte and Bona 1985; Chernousko 1988; 1994; Filippov 1992; Finkelstein
et al. 1996; Fogel and Huang 1982; Schweppe 1968; 1973; Soltanov 1990; Utyubaev
1990). Ellipsoids naturally arise in probabilistic descriptions of uncertainty as well,
and this is perhaps the source of most of their popularity. For example, if variability
is described by a multidimensional normal distribution, then the confidence set
(all the values for which the probability density exceeds a certain threshold) is
an ellipsoid. It has been shown experimentally in many practical situations that
ellipsoids work better than other families of sets (Chernousko 1988; 1994; Neumaier
1993). Moreover, it has been proven theoretically that ellipsoids indeed form the
best family for such purposes under certain reasonable conditions (Finkelstein et al.
1996; Li et al. 2002).
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Replacing a rectangular box with a smaller ellipsoid set S makes the range
smaller and perhaps more realistic. It also makes this range much easier to compute
with. Calculating the range of a quadratic function f(x1, . . . , xn) over a rectangular
box of intervals is an NP-hard problem (Kreinovich et al. 1998,Vavasis 1991). In
contrast, finding the range of a quadratic function over an ellipsoid is a computation-
ally tractable problem (Kreinovich et al. 1998; Trejo and Kreinovich 2001; Vavasis
1991). The following sections will show in detail how this range can be computed.

4.2 Eliciting the ellipsoid

We cannot even use the full quadratic model because we cannot ask experts thou-
sands of questions and expect meaningful answers to all of them. Instead, we have
to use a restricted quadratic model, in which we select beforehand a limited number
of possible nonzero coefficients ai,j .

Let us assume that we can only ask E questions to an expert. In this case, we
can only have E nonzero coefficients ai,j . We can therefore ask experts which pairs
of parameters are correlated. If there are too many (more than E) such pairs, we
must limit ourselves only to those pairs which are most correlated (positively or
negatively). To be able to do that, we ask the experts not only to list the correlated
pairs, but also to rank these pairs by the degree of correlation, so that the expert
will be able to select E most correlated pairs.

Once we select E pairs, what can we ask? When the ellipsoid is a confidence
set of a general distribution, we can ask about the values of the correlation (in the
usual statistical sense) between the variables xi and xj . However, in general, an
ellipsoid is just a set of possible values of x, with no specific probabilistic meaning,
so there is no well-defined statistical correlation, and it would not be reasonable ask
an expert about its value.

We can always ask about the correlation in the general sense. As we described
it, dependence between xi and xj means that the range of possible values of xi
changes depending on the value of xj . A strong positive correlation means that,
when xj grows, the possible values xi also become larger, and the values of xi are
the largest when xj attains its largest possible value xj . Similarly, a strong negative
correlation means that, when xj grows, the possible values xi become smaller, and
the values of xi are the smallest when xj attains its largest possible value xj . To
gauge the degree of dependence defined this way between xi and xj , we should ask
an expert not only to give us the ranges of possible values [xi, xi] and [xj , xj ] for
the parameters xi and xj , but also to describe what values xi are possible when xj
attains its largest possible value xj . If these values xi are closer to xi, this means
that we have a positive correlation correlation between xi and xj . If these value xi
are closer to xi, this means that we have a negative correlation between xi and xj .

How we can transform this easy-to-elicit information into the precise description
of the ellipsoid (8)? To answer this question, let us first simplify the general formula
(8). We start with a very simple step. If we divide both sides of the inequality (8)
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by the constant C, we get a slightly simpler description of the general ellipsoid, with
one fewer coefficient,

a(x1, . . . , xn) = a0 +
n∑
i=1

ai · xi +
n∑
i=1

n∑
j=1

ai,j · xi · xj ≤ 1. (9)

The next simplification step is based on the geometric fact that every ellipsoid has
a center x̃ = (x̃1, . . . , x̃n), and that when we use a coordinate system with the origin
at this center, i.e., if we use the differences ∆xi

def= xi − x̃i instead of the original
values of xi, the equation for an ellipsoid takes the simplified form

a(x1, . . . , xn) def=
n∑
i=1

n∑
j=1

ai,j · (xi − x̃i) · (xj − x̃j) ≤ 1. (10)

In Appendix 1, we describe how we can transform the above easy-to-elicit in-
formation into the precise description of the ellipsoid (10). Thus, we arrive at the
following algorithm:

• First, we ask the expert(s) to provide, for each parameter xi, the range [xi, xi]
of possible values of xi.

• Based on these values, we compute the midpoints x̃i = (xi + xi)/2 and the
half-width ∆i = (xi − xi)/2 of the corresponding intervals.

• Then, we ask the expert to list all the pairs (xi, xj) of correlated parameters.
Among all these pairs, we ask the expert to provide a ranking, so that the
expert will be able to list E most correlated pairs.

• For each possibly correlated pair (xi, xj), we ask the expert: what is the most
reasonable value of xi when xj = xj? We denote the corresponding value by

xi,j , and compute ∆xi,j
def= xi,j − x̃i.

• For all other (i.e., non-correlated) pairs i 6= j, we define ∆xi,j
def= 0, and we

also take ∆xj,j
def= ∆j .

• Based on the known values xi,j , x̃i, and ∆i, we compute the components of

the symmetric matrix Z with the components zk,j
def= ∆xk,j ·∆j .

• Finally, we invert the matrix Z. The elements ai,j of the inverse matrix A =
Z−1 are exactly the coefficients that describe the ellipsoid (8).

In principle, to invert the matrix, we can use any matrix inversion algorithm (Golub
and Loan 1996). However, since our objective is not just to describe the set S of
possible values of the parameter vector, but rather to find the range of the quadratic
response function f(x1, . . . , xn) over the set S, we will see that a special inversion al-
gorithm is the most appropriate here: an algorithm based on finding the eigenvalues
and eigenvectors of the matrix Z.
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4.3 Simple numerical example

To illustrate the eliciting algorithm, let us consider the simple example when n = 2
and the ellipsoid is the ellipse

x2
1 − x1 · x2 + x2

2 ≤ 1. (11)

This ellipsoid corresponds to the case when a0 = a1 = a2 = 0, and the matrix
A = (ai,j) has the following form:

A =
(

1 −1/2
−1/2 1

)
In order to illustrate how our algorithm will reconstruct this ellipsoid, let us first de-
rive the corresponding values of xi and xi,j , and then show how the above algorithm
reconstructs the ellipsoid.

For the ellipsoid (11), what are the smallest and largest values of x1? For the
value x1 to be possible, it must be possible to have x2 for which the inequality (11)
holds, i.e., for which

x2
2 − x1 · x2 + (x2

1 − 1 + ∆) = 0 (12)

for some ∆ ≤ 0. The quadratic equation (12) has a solution if and only if its
discriminant is non-negative, i.e., if and only if x2

1 − 4 · (x2
1 − 1 + ∆) ≥ 0. This

inequality is, in its turn, equivalent to 4− 3 · x2
1 ≥ −4 ·∆.

Because ∆ ≤ 0, we infer that if x1 is possible, then 4 − 3 · x2
1 ≥ 0. Vice versa,

if 4 − 3 · x2
1 ≥ 0, then we can satisfy the above inequality by taking ∆ = 0. Thus,

the value x1 is possible if and only if 4 − 3 · x2
1 ≥ 0, i.e., if and only if x2

1 ≤
4
3

.

Thus, the interval of possible values of x1 is the interval between −
√

4
3

and +
√

4
3

,

so x1 = − 2√
3

and x1 =
2√
3

.

Because the formula (11) does not change if we swap x1 and x2, we get exactly

the same bounds for x2, so x2 = − 2√
3

and x2 =
2√
3

.

To complete our preliminary analysis, let us find the value x1,2, i.e., the value

x1 that is possible when x2 = x2. Substituting x2 =
2√
3

into the inequality (11),

we get the inequality

x2
1 −

2√
3
· x1 +

4
3
≤ 1,

or, equivalently,

x2
1 −

2√
3
· x1 +

1
3
≤ 0.
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The left-hand side of this inequality is a perfect square, so the inequality implies(
x1 −

1√
3

)2

≤ 0.

The square of a real number is always non-negative, so the only case when it is

smaller than or equal to 0 is when it actually is equal to 0, i.e., when x1 =
1√
3

.

Therefore x1,2 =
1√
3

.

Let us recount the results of our analysis thus far. We have

x1 = − 2√
3

; x1 =
2√
3

; x2 = − 2√
3

; x2 =
2√
3

; x1,2 =
1√
3
.

This is the input to our algorithm.
According to the algorithm, we first compute the midpoints x̃i and the half-

widths ∆i of the range intervals. The resulting values are

x̃1 = x̃2 = 0; ∆1 = ∆2 =
2√
3
.

Next, we compute the values ∆xi,j . The only possibly correlated pair is the pairs
(x1, x2), so we compute

∆x1,2 = x1,2 − x̃1 =
1√
3
− 0 =

1√
3
.

In accordance with our algorithm, we also set

∆x1,1 = ∆1 =
2√
3

; ∆x2,2 = ∆2 =
2√
3
.

We can now compute the components zi,j of the symmetric matrix Z consisting of

z1,1 = ∆x1,1 ·∆1 =
2√
3
· 2√

3
=

4
3

;

z2,2 = ∆x2,2 ·∆2 =
2√
3
· 2√

3
=

4
3

;

z1,2 = z2,1 = ∆x1,2 ·∆2 =
1√
3
· 2√

3
=

2
3
.

Thus,

Z =
(

4/3 2/3
2/3 4/3

)
.

Multiplying Z by A, we can see that(
4/3 2/3
2/3 4/3

)
·
(

1 −1/2
−1/2 1

)
=
(

1 0
0 1

)
,

i.e., the inverse matrix to Z indeed coincides with the original matrix A describing
the ellipse.
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5 Quadratic forms

In this section, we introduce quadratic forms and describe some of their proper-
ties. We will use these mathematical objects in section 6 to propagate uncertainty.
A quadratic form is a quadratic expression, that is, a polynomial of degree 2,
that is homogeneous. A quadratic expression is homogeneous if it contains only
quadratic terms and no linear or constant terms. An example of such an expression
is x2 + 3xy + 4y2. The quadratic expression x2 + 3x + y2, on the other hand, is
not homogeneous because it contains the linear term 3x. A three-variable (x, y, z)
homogeneous quadratic expression with coefficients ai,j

a1,1x
2 + a2,2y

2 + a3,3z
2 + a1,2xy + a1,3xz + a2,3yz,

can be written

(x, y, z)A

 x
y
z

 where A =

 a1,1
1
2a1,2

1
2a1,3

1
2a1,2 a2,2

1
2a2,3

1
2a1,3

1
2a2,3 a3,3

 .

For example, the expression 4x2 + 4y2 + 4z2 + 4xy + 4xz + 4yz can be expressed in
terms of the symmetric matrix for the coefficients

A =

 4 2 2
2 4 2
2 2 4

 .

When a quadratic form has been written in matrix form it can be evaluated as
xtAx. For instance, we can evaluate the quadratic expression at xt = (x = −4, y =
2, z = 3).

(−4, 2, 3)

 4 2 2
2 4 2
2 2 4

 −4
2
3

 = 60.

An advantage of placing the coefficients of a quadratic form into a matrix is that
the tools of matrix algebra can be used. The matrix A can be diagonalized, that is,
we can find a new vector basis for (x, y, z) that allows A to be rewritten in terms
of products of the diagonal elements of a new matrix. In the new coordinates, the
original quadratic form will be expressed in terms of the sum of pure squares. The
process of diagonalization involves computing the eigenvalues and eigenvectors of
the square matrix.

For the matrix A, we find three eigenvectors e(1) = (−1, 1, 0), e(2) = (−1, 0, 1),
e(3) = (1, 1, 1) and their corresponding eigenvalues λ1 = 2, λ2 = 2, λ3 = 8. These
eigenvectors do not form an orthonormal basis. To form an orthonormal basis the
eigenvectors need to be mutually perpendicular with each vector having unit length.
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We can form an orthonormal basis by applying the Gram-Schmidt orthogonalization
process to the eigenvectors. The computed orthonormal basis is a set of row vectors{

1√
2

(−1, 1, 0),
1√
6

(1, 1,−2),
1√
3

(1, 1, 1)
}
.

Using computer algorithms such orthonormal sets can be computed directly during
the diagonalization process (Golub and Loan 1996).

The orthonormal basis defines columns of a new matrix P. We can transform
the coordinates of x → x′ = Ptx and use the diagonalization D formed by the
eigenvalues of A to evaluate the polynomial λ1(x′)2 + λ2(y′)2 + λ3(z′)2. In terms of
matrices the calculation is:

(Ptx)tD(Ptx) = 60,

where P =


−1√

2
1√
6

1√
3

1√
2

1√
6

1√
3

0 −2√
6

1√
3

 and D =

 2 0 0
0 2 0
0 0 8

 .

Evaluating the transformed quadratic form we get the same answer as when we
evaluated the original quadratic form.

The above example is for a three variable quadratic form. However, the matrix
approach generalizes to any multivariate quadratic form. For an arbitrary dimen-
sion, a quadratic expression

∑i≤k
i=1

∑j≤k
j=1 ai,jxixj can be written as a matrix B where

ai,j = bi,j for i = j, otherwise bi,j = bj,i = (1/2)ai,j .

5.1 Diagonalizing two quadratic forms

This section describes a numerical example of simultaneously diagonalizing two
quadratic forms. The ability to do such diagonalizations is the key to optimiz-
ing a quadratic function over an ellipsoid while accounting for the dependencies
between the variables. Thus, it is also the key to propagating uncertainty through
quadratic response surface models of black box codes.

The particular example used in this section is low-dimensional, and it omits
linear terms so the calculation is simple enough to follow and check easily, but it
illustrates the central idea explored in this report. This idea, of diagonalizing two
quadratic forms with the same transformation, relies on an algebraic trick that works
when one of the forms is positive definite. An ellipsoid is a level curve of a positive
definite quadratic form. The second quadratic form is arbitrary and can be definite,
semidefinite, or indefinite.

For the numerical example, we wish to jointly diagonalize the following two
quadratic forms:

3
4
x2 +

3
4
y2 − 1

2
xy = xt

(
3/4 −1/4
−1/4 3/4

)
x ≤ 1, (13)
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f(x, y) =
1√
2
x2 − 1√

2
y2 +

√
2xy = xt

(
1√
2

1√
2

1√
2
− 1√

2

)
x. (14)

Inequality (13) represents an ellipse, and expression (14) is the formula of a saddle-
shaped quadratic function. The former is depicted on the top, left graph of Figure 4.
Level curves of the saddle are also shown on the top, right of Figure 4.

The various transformations applied to both of these objects are also depicted
in the figure. We start by diagonalizing form (13), which yields the matrix B(1)

composed of column vectors of eigenvectors and diagonalized matrix D(1),

B(1) =

(
1√
2
− 1√

2
1√
2

1√
2

)
and D(1) =

(
1 0
0 1/2

)
.

In this case the eigenvectors {( 1√
2
, 1√

2
), (− 1√

2
, 1√

2
)} form an orthonormal basis

β(1). We can now rewrite (14) in terms of β(1) by using B(1). Define L to be
a change-of-basis matrix. A change-of-basis transformation for A is L−1AL. An
orthonormal matrix is a change of basis matrix. Noting that B−1

(1) = Bt
(1),

Bt
(1)

(
1√
2

1√
2

1√
2
− 1√

2

)
B(1) =

(
1√
2
− 1√

2

− 1√
2
− 1√

2

)

In geometric terms the change of basis transformation is a rotation of −π/4 radians
around the origin. At this point, we have two quadratic forms in terms of new
coordinates x′:

(x′)2 +
1
2

(y′)2 = (x′)t
(

1 0
0 1/2

)
x′ ≤ 1, (15)

f(x′, y′) =
1√
2

(x′)2 − 1√
2

(y′)2 −
√

2x′y′ = (x′)t
(

1√
2

1√
2

1√
2
− 1√

2

)
x′. (16)

The next step is a linear transformation to scale (15) to the unit circle. To do
this we introduce new variables x′′ and y′′: x′ → x′′ = x′√

λ1
and y′ → y′′ = x′

√
λ2

,
where λ1 and λ2 are eigenvalues from D(1). In terms of the new coordinates, the
quadratic forms are

(x′′)2 + (y′′)2 = (x′′)t
(

1 0
0 1

)
x′′ ≤ 1, (17)

f(x′′, y′′) =
1√
2

(x′′)2 −
√

2(y′′)2 − 2x′′y′′ = (x′′)t
(

1√
2

−1
−1 −

√
2

)
x′′. (18)
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D

C

B

A

Figure 4: Geometric demonstration of joint diagonalization of the quadratic forms
(panel A) 1 = 3

4x
2 + 3

4y
2 + 1

2xy (left), and f(x, y) = 1√
2
x2 − 1√

2
y2 +

√
2xy (right).

There are three steps to the joint diagonalization: (panel B) diagonalization of the
ellipse, (panel C) stretching the ellipse along the x and y to axis to the unit circle,
and (panel D) diagonalization the second quadratic form.
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Now we have two quadratic forms (17) and (18) where the constraint has been
diagonalized and rescaled to the unit circle (the transformation symmetrizes the
ellipse), and the second quadratic form has had a change of basis and a linear
rescaling but remains in a non-diagonalized form.

Can we diagonalize the second quadratic form while keeping the quadratic con-
straint unchanged? The answer is yes, once it is a circle, it can be rotated in any
direction and it remains the same circle. It is the special nature of the unit circle
that allows a quadratic form to be invariant under a change in basis. It is easy to
see why. Let xtIx be a quadratic form of the unit sphere. The matrix I consists
of ones on the diagonal and zeros everywhere else. A matrix with this structure is
known as the identity matrix because, if A is a matrix of the same dimension, then
AI = A = IA. If we had wanted to change the basis of I by K, an orthonormal
basis for the same degree quadratic form, then

K−1IK = (K−1I)K = K−1K = I.

Therefore when we change the basis we always get the same quadratic form back
xtIx = xtx.

If we diagonalize the second quadratic form we obtain a new orthonormal basis
β(4) = {e1 = (0.3690, 0.9294), e2 = (−0.9294, 0.3690)}. (At this point the eigenvec-
tors and eigenvalues cannot be represented succinctly as fractions so we will continue
by using fixed precision. The change of basis corresponds to a rotation of 1.19 radi-
ans (68.3◦) around the origin. Along with the eigenvectors, we have the eigenvalues
λ1 = −

√
2+
√

34
4 ≈ −1.811 and λ2 = −

√
2−
√

34
4 ≈ 1.104. The quadratic forms finally

appear as

(x′′′)2 + (y′′′)2 = (x′′′)t
(

1 0
0 1

)
x′′′ = 1, (19)

f(x′′′, y′′′) = −1.811(x′′′)2 + 1.104(y′′′)2 = (x′′′)t
(
−1.811 0

0 1.104

)
x′′′. (20)

The last step is to find the smallest and largest values of the function (20) over the
uncertain inputs specified by the ellipse (19), which because of the transformations
has become a sphere. A quadratic function can easily be maximized or minimized
on the unit sphere xtIx = 1. The largest eigenvalue is the maximum the function
reaches under the constraint and the smallest eigenvalue is the minimum reached by
the function under the constraint. In the case of (14), there is no global minimum
or maximum for the function. The function will reach its extrema on the surface
of unit sphere. Therefore the constraint is more general and can be changed to an
inequality xtIx ≤ 1. The maximum value the function reaches under the elliptical
constraint is 1.104 and minimum value is –1.811. Thus, the range of the function
(14) over the inputs specified by (13) is the interval [–1.811, 1.104].
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6 Finding the range of a quadratic function over an
ellipsoid

As we described earlier, we must find the maximum and the minimum of the given
quadratic function

f(x1, . . . , xn) = f0 +
n∑
i=1

fi · xi +
n∑
i=1

n∑
j=1

fi,j · xi · xj (21)

over the given ellipsoid

n∑
i=1

n∑
j=1

ai,j · (xi − x̃i) · (xj − x̃j) ≤ 1. (22)

As we have just learned, we can easily extract the values x̃i from the experts;
however, we do not directly get the values ai,j from the experts, we only get the
matrix zi,j that is the inverse to the matrix ai,j . For simplicity, we will assume
we already know the inverse matrix ai,j . After we describe the main idea for this
simplified case, we will then discuss what to do when we only know zi,j .

Let us start with the analysis of the constrained optimization problem (21)–
(22). In general, the difficulty in solving the constrained optimization problems
comes either from the objective function itself being difficult to optimize or the
constraints being difficult to take into consideration. In our case, the objective
function is quadratic. If we did not have any constraints, then, to find its optima,
we could simply differentiate f with respect to each of n variables and equate all n
derivatives to 0. The derivative of a quadratic function is a linear function. Thus,
in the absence of constraints, we would have a system of n linear equations with n
unknown, a system that is easy to solve.

In contrast to the general case of constrained optimization discussed in sec-
tion ??, in our specific case embodied in expressions (21)–(22), the main difficulty
lies not in the objective function (21), but in the constraints (22). Therefore, a nat-
ural strategy for solving our optimization problem would be to first try to simplify
the constraints as much as possible and, only when there is no possibility to further
simplify the constraints, to simplify the objective function as well.

We have already discussed the first simplification of (22), which is the introduc-
tion of new variables ∆xi = xi − x̃i. In these new variables, the constraints (22)
take the simplified form

n∑
i=1

n∑
j=1

ai,j ·∆xi ·∆xj ≤ 1. (23)

To describe the objective function in terms of the new variables ∆xi, we must also
substitute the expression xi = x̃i + ∆xi into formula (21). As a result, we obtain
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the expression

f(x1, . . . , xn) = f ′0 +
n∑
i=1

f ′i ·∆xi +
n∑
i=1

n∑
j=1

fi,j ·∆xi ·∆xj , (24)

. where

f ′0 = f0 +
n∑
i=1

fi · x̃i +
n∑
i−1

n∑
j=1

fi,j · x̃i · x̃j , (25)

and

f ′i = fi + 2 ·
n∑
j=1

fi,j · x̃j . (26)

A detailed description of the derivation of this and other formulas is given in Ap-
pendix 2.

How can we further simplify expression (23)? The expression contains a general
quadratic form

∑
ai,j · ∆xi · ∆xj . In expression (23) each n-dimensional vector

∆x = (∆x1, . . . ,∆xn) is described by its coordinates in the standard coordinate
system with respect to the standard basis formed by n mutually orthogonal unit
vectors e(1) = (1, 0, . . . , 0), e(2) = (0, 1, 0, . . . , 0), . . . , e(n) = (0, . . . , 0, 1):

∆x = ∆x1 · e(1) + . . .+ ∆xn · e(n). (27)

Using scalar dot product of two vectors to multiply both sides of formula (27) by
e(i), and taking into consideration that e(i) is an orthonormal basis, i.e., e(i) ·e(j) = 0
for i 6= j and e(i) ·e(i) = 1, we conclude that ∆xi = ∆x ·e(i). The ith coefficient ∆xi
in the expansion (27) can be therefore described as the results of scalar product of
the vector ∆x and the corresponding vector e(i) from the orthonormal basis.

It is known (see, e.g., Golub and Loan 1996) that an arbitrary quadratic form can
be simplified by diagonalization using a different basis of n mutually orthogonal unit
vectors, namely, the basis formed by unit eigenvectors v(1) =

(
v

(1)
1 , . . . , v

(1)
n

)
, . . . ,

v(n) =
(
v

(n)
1 , . . . , v

(n)
n

)
of the matrix A, i.e., vectors for which A · v(k) = λk · v(k)

for some real numbers λk (called eigenvalues). When all the eigenvalues are dif-
ferent, the corresponding eigenvectors are mutually orthogonal. In the degenerate
case, when some eigenvalues coincide, the eigenvectors corresponding to the equal
eigenvalues are not necessarily orthogonal. In this case, however, we can apply
an appropriate orthonormalization procedure and obtain mutually orthogonal vec-
tors. Because we can use a procedure for computing eigenvalues and eigenvectors
that always returns mutually orthogonal eigenvectors, we will assume that different
eigenvectors are orthogonal to each other.

If, to describe a vector ∆x, we use its coordinates with respect to the new basis,
i.e., the values y1, . . . , yn such that

∆x = y1 · v(1) + . . .+ yn · v(n),
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then the quadratic form
∑
ai,j ·∆xi ·∆xj turns into a simpler expression

∑
λ2
k · y2

k

in terms of the new coordinates. Thus, constraint (23) simplifies to

n∑
k=1

λ2
k · y2

k ≤ 1. (28)

To describe the objective function (24) in terms of the new variables, we can use
the fact that

∆xi =
n∑
k=1

v
(k)
i · yk. (29)

See Appendix 2 for the derivation of this fact. Substituting expression (29) into
objective function (24), we conclude that

f(x1, . . . , xn) = f ′0 +
n∑
k=1

gk · yk +
n∑
k=1

n∑
l=1

gk,l · yk · yl, (30)

where

gk =
n∑
i=1

f ′i · v
(k)
i (31)

and

gk,l =
n∑
i=1

n∑
j=1

fi,j · v(k)
i · v

(l)
j . (32)

The problem is now to optimize the quadratic function (30) under the simplified
quadratic constraint (29).

Can we simplify the constraint (29) even further? Yes, if, instead of the original
variables yk, we introduce new variables zk =

√
λk · yk for which z2

k = λk · y2
k and

therefore, constraint (24) takes an even simpler form

n∑
k=1

z2
k ≤ 1. (33)

This simplification represents completing the square for each dimension. Geometri-
cally, this constraint describes a unit sphere in n-dimensional space.

Substituting yk =
zk√
λk

into the expression (30) for the objective function, we

get the new expression

f(x1, . . . , xn) = f ′0 +
n∑
k=1

g′k · zk +
n∑
k=1

n∑
l=1

g′k,l · zk · zl, (34)

where
g′k

def=
gk√
λk

; g′k,l
def=

gk,l√
λk ·
√
λl
. (35)
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Because the constraints have the simplest possible form, the only way to make the
problem easier to solve is to simplify the objective function. We already know how
to simplify the quadratic form using the eigenvalues µk and eigenvectors u(p) =(
u

(p)
1 , . . . , u

(p)
n

)
of the matrix g′k,l. In terms of the new variables

tp =
n∑
k=1

u
(p)
k · yk, (36)

constraint (33) retains its form
n∑
p=1

t2p ≤ 1; (37)

(see Appendix 2 for details) while the objective function simplifies to

f(x1, . . . , xn) = f ′0 +
n∑
p=1

hp · tp +
n∑
p=1

µp · t2p, (38)

where

hp
def=

n∑
k=1

u
(p)
k · gk. (39)

After all the above simplification steps, we arrive at a problem of optimizing
objective function (38) under the constraint (37). To solve this problem, we will
use the Lagrange multiplier technique. The idea behind the Lagrange multiplier
approach to finding the optimum (minimum or maximum) of an objective function
f under the constraint g ≤ 1 is that the optimum is attained either inside the
constraint set S, or on its border. If the optimum is attained inside the set S,
then it is a local or global optimum or the function f , so the gradient of f is equal
to 0 at this point. If the optimum is attained on the border of the set S, i.e.,
at the point where g = 1, then we should look for unconstrained optima of the
function f + λ · g, where the value of the Lagrange multiplier λ is determined from
the condition that g = 1. This means that we should consider any unconstrained
optima of the objective function f that satisfy the constraint g ≤ 1. We must also
look for the optima of the function f + λ · g. In our case, the objective function is
described by formula (38) and the constraint by formula (37). Differentiating (38)
w.r.t. tp and setting the derivative to 0, we conclude that hp + 2µp · tp = 0, or

tp = − hp
2µp

. (40)

Similarly, for the function f +λ · g, we conclude that hp + 2(µp +λ) · tp = 0, so that,
for λ 6= −µp,

tp = − hp
2 · (µp + λ)

, (41)
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in which case the condition (37) turns into
n∑
p=1

h2
p

4 · (µp + λ)2
= 1. (42)

This equation could then be used for determining λ. We can solve this nonlinear
equation with one unknown λ by applying one of the standard algorithms for solving
such equations that are well described in numerical methods textbooks (see, e.g.,
Gerald and Wheatley 2004), such as bisection, Newton’s method, secants method,
etc. Once λ is found, we can compute the corresponding values tp by using formula
(41).

Equation (41) describes the general case, when hp 6= 0 and thus, the case λ =
−µp is impossible. In practice, we can also have a degenerate case in which, for some
p, we have λ = −µp and hp = 0. For this λ and this p, we can uniquely determine tq
for all q 6= p, but for this particular p, the equation hp+ 2(µp+λ) · tp = 0 is satisfied
for every real number tp. In this degenerate case, we can find tp from the condition
that t21 + . . .+ t2n = 1 using

tp = ±
√

1−
∑
q 6=p

t2q .

For each selected combination t = (t1, . . . , tp), we compute the value of the
objective function (38). The largest of the computed values is the maximum of f
under the constraint, the smallest of these values is the minimum of f under this
same constraint.

To complete our description, we must now explain what to do if, instead of the
actual matrix A, we only know the inverse matrix Z = A−1. In this case, what
we suggest to do is to find eigenvalues and eigenvectors of the matrix Z. One can
easily check that the matrices A and Z have exactly the same eigenvectors v(k); the
only difference is that for each eigenvector, the corresponding eigenvalue λ(z)

k of the

matrix Z is a reciprocal of the eigenvalue λk for the matrix A: λ(z)
k =

1
λk

. Thus,

after finding the eigenvalues λ(z)
k of the matrix Z, we would then compute the values

λk as λk =
1

λ
(z)
k

.

6.1 Algorithm

In this algorithm, we start with the coefficients f0, fi, and fi,j that describe the
quadratic objective function

f(x1, . . . , xn) = f0 +
n∑
i=1

fi · xi +
n∑
i=1

n∑
j=1

fi,j · xi · xj , (21)
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and with the values x̃i and zi,j that characterize the constraint

n∑
i=1

n∑
j=1

ai,j · (xi − x̃i) · (xj − x̃j) ≤ 1, (22)

in which the matrix A = (ai,j) is the inverse to the matrix Z = (zi,j). To find the
optima of the function (21) under the constraint (22), we should do the following:

• First, we compute the values f ′0 and f ′i by using the formulas (25) and (26).

• Then, we compute the eigenvalues λ(z)
1 , . . . , λ

(z)
n of the matrix Z and the cor-

responding eigenvectors

v(1) =
(
v

(1)
1 , . . . , v(1)

n

)
, . . . ,v(n) =

(
v

(n)
1 , . . . , v(n)

n

)
.

• After that, for k from 1 to n, we compute λk =
1

λ
(z)
k

.

• Next, we compute the values gk and gk,l by using the formulas (31) and (32).

• We compute the values g′k and g′k,l by using the formula (35).

• Then, we compute the eigenvalues µ1, . . . , µn of the matrix (g′k,l) and the
corresponding eigenvectors

u(1) =
(
u

(1)
1 , . . . , u(1)

n

)
, . . . ,u(n) =

(
u

(n)
1 , . . . , u(n)

n

)
.

• After that, we compute the value hp by using the formula (39).

• Then, we compute the values tp by using the formula (40), and check whether∑
t2p ≤ 1. If this inequality is satisfied, we compute the corresponding value

(38).

• After that, we solve the equation (42) with the unknown λ and, for each
resulting λ, compute the value tp by using the formula (41), and then the
corresponding value of the objective function (38).

• Finally, we find the smallest and the largest of the computed values (38):

– the smallest of these values is the minimum of (21) under the con-
straint (22); and

– the largest of these values is the maximum of (21) under the constraint (22).
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6.2 Simple numerical example (continued)

To illustrate how this algorithm works, let us consider the same set S as in the
previous numerical example (where we illustrated how to elicit the ellipsoid from an
expert). In this case, n = 2, x̃1 = x̃2 = 0, and the matrix Z has the form:

Z =
(

4/3 2/3
2/3 4/3

)
.

Since we considered the case when the parameters x1 and x2 are correlated, it is
reasonable to assume that for the objective function, these parameters are interde-
pendent. As an example of such interdependence, let us take the objective function
f(x1, x2) = (x1 − x2)2, i.e., f(x1, x2) = x2

1 − 2x1 · x2 + x2
2. In this case, f0 = 0,

f1 = f2 = 0, and the matrix fi,j has the following form:

(fi,j) =
(

1 −1
−1 1

)
.

According to our algorithm, first, we compute the values f ′0 and f ′i by using the
formulas

f ′0 = f0 +
n∑
i=1

fi · x̃i +
n∑
i−1

n∑
j=1

fi,j · x̃i · x̃j , (25)

and

f ′i = fi + 2 ·
n∑
j=1

fi,j · x̃j . (26)

In our case, since x̃1 = x̃2 = f0 = f1 = f2 = 0, we end up with f ′0 = 0, f ′1 = 0, and
f ′2 = 0.

Then, we compute the eigenvalues λ(z)
1 , λ

(z)
2 of the matrix Z and the correspond-

ing eigenvectors v(1) =
(
v

(1)
1 , . . . , v

(1)
n

)
and v(2) =

(
v

(n)
1 , . . . , v

(2)
n

)
. By definition of

an eigenvector, since Zv(k) = λ(z) · v(k), it means that

(Z− λ(z)
k · I)v(k) = 0, (43)

where I denotes the unit matrix. Since the linear system of equations (43) with
0 right-hand side has a nonzero solution v(k) 6= 0, it means that this system is
degenerate, i.e., that the determinant det(Z− λ(z)

k · I) of the corresponding matrix
is equal to 0. In our case, this determinant is equal to

det
(

4/3− λ(z)
k 2/3

2/3 4/3− λ(z)
k

)
=
(

4
3
− λ(z)

k

)2

−
(

2
3

)2

,

so by equating this determinant to 0, we conclude that(
4
3
− λ(z)

k

)2

=
(

2
3

)2

.
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Hence,
4
3
− λ(z)

k = ±2
3

and
λ

(z)
k =

4
3
∓ 2

3
.

Thus, we have two eigenvalues:

λ
(z)
1 =

2
3

; λ(z) = 2.

For the first eigenvalue λ(z)
1 =

2
3

, we have

Z− λ(z)
1 · I =

(
4/3− 2/3 2/3

2/3 4/3− 2/3

)
=
(

2/3 2/3
2/3 2/3

)
.

Thus, the condition (Z− λ(z)
1 )v(1) = 0 means that v(1)

1 + v(1)
2 = 0, i.e., that v(1)

2 =
−v(1)

1 . Since the vector v(1) must be a unit vector, we must have(
v(1)

1

)2
+
(
v(1)

2

)2
= 1.

Since
(
v(1)

1

)2
=
(
v(1)

2

)2
, we thus conclude that

(
v(1)

1

)2
=

1
2
, hence v(1)

1 =
1√
2

.

From v(1)
2 = −v(1)

1 , we can now conclude that v(1)
2 = − 1√

2
.

For the second eigenvalue λ(z)
2 = 2, we have

Z− λ(z)
2 · I =

(
4/3− 2 2/3

2/3 4/3− 2

)
=
(
−2/3 2/3
2/3 −2/3

)
.

Thus, the condition (Z − λ
(z)
2 )v(2) = 0 means that −v(2)

1 + v(2)
2 = 0, i.e., that

v(1)
2 = v(1)

1 . Since the vector v(2) must be a unit vector, we must have(
v(2)

1

)2
+
(
v(2)

2

)2
= 1.

Since
(
v(2)

1

)2
=
(
v(2)

2

)2
, we thus conclude that

(
v(2)

1

)2
=

1
2
, hence v(2)

1 =
1√
2

.

From v(2)
2 = v(2)

1 , we can now conclude that v(2)
2 =

1√
2

. So:

v(1) =
(

1√
2
,− 1√

2

)
, v(2) =

(
1√
2
,

1√
2

)
.
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After that, for k from 1 to n, we compute λk =
1

λ
(z)
k

. In our case, we get

λ1 =
3
2

; λ2 =
1
2
.

Next, we compute the values gk and gk,l by using the formulas

gk =
n∑
i=1

f ′i · v
(k)
i (31)

and

gk,l =
n∑
i=1

n∑
j=1

fi,j · v(k)
i · v

(l)
j . (32)

In our case, f ′1 = f ′2 = 0, so the formula (31) leads to g1 = g2 = 0. For (32), we get:

g1,1 = f1,1 · v(1)
1 · v

(l)
1 + f1,2 · v(1)

1 · v
(l)
2 + f2,1 · v(1)

2 · v
(l)
1 + f2,2 · v(1)

2 · v
(l)
2 =

1 · 1√
2
· 1√

2
+ (−1) · 1√

2
·
(
− 1√

2

)
+ (−1) ·

(
− 1√

2

)
· 1√

2
+ 1 ·

(
− 1√

2

)
·
(
− 1√

2

)
=

1
2

+
1
2

+
1
2

+
1
2

= 2;

g1,2 = g21 = f1,1 · v(1)
1 · v

(2)
1 + f1,2 · v(1)

1 · v
(2)
2 + f2,1 · v(1)

2 · v
(2)
1 + f2,2 · v(1)

2 · v
(2)
2 =

1 · 1√
2
· 1√

2
+ (−1) · 1√

2
· 1√

2
+ (−1) ·

(
− 1√

2

)
· 1√

2
+ 1 ·

(
− 1√

2

)
· 1√

2
=

1
2
− 1

2
+

1
2
− 1

2
= 0;

g2,2 = f1,1 · v(2)
1 · v

(2)
1 + f1,2 · v(2)

1 · v
(2)
2 + f2,1 · v(2)

2 · v
(2)
1 + f2,2 · v(2)

2 · v
(2)
2 =

1 · 1√
2
· 1√

2
+ (−1) · 1√

2
· 1√

2
+ (−1) · 1√

2
· 1√

2
+ 1 · 1√

2
· 1√

2
=

1
2
− 1

2
− 1

2
+

1
2

= 0.

So, the matrix (gk,l) takes the following form:

(gk,l) =
(

2 0
0 0

)
.

We compute the values g′k and g′k,l by using the formula

g′k =
gk√
λk

; g′k,l =
gk,l√
λk ·
√
λl
. (35)
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Since g1 = g2 = 0, we get g′1 = g′2 = 0. Similarly, since the only nonzero element
gk,l is the element g1,1, the only nonzero element of the matrix g′k,l is also g′1,1:

g′1,1 =
g1,1√
λ1 ·
√
λ1

=
2√

3/2 ·
√

3/2
=

2
3/2

=
4
3
.

Therefore, the matrix g′k,l takes the following form:

(g′k,l) =
(

4/3 0
0 0

)
.

Then, we compute the eigenvalues µ1, µ2 of the matrix (g′k,l) and the correspond-

ing eigenvectors u(1) =
(
u

(1)
1 , u

(1)
2

)
and u(2) =

(
u

(2)
1 , u

(2)
2

)
. Since the matrix g′k,l is

already in the diagonal form, the coordinate unit vectors are its eigenvectors, and
the diagonal elements are its eigenvalues:

u(1) = (1, 0); u(2) = (0, 1); µ1 =
4
3

; µ2 = 0.

After that, we compute the value hp by using the formula

hp =
n∑
k=1

u
(p)
k · gk. (39)

In our case, g1 = g2 = 0, hence h1 = h2 = 0.
Then, we compute the values tp by using the formula

tp = − hp
2µp

. (40)

In our case, h1 = h2 = 0, hence t1 = t2 = 0. We then check whether the inequality

n∑
p=1

t2p ≤ 1 (37)

is satisfied. We have t21 + t22 = 0 ≤ 1, so this inequality is indeed satisfied. Since the
inequality (37) is satisfied, we compute the corresponding value

f(x1, . . . , xn) = f ′0 +
n∑
p=1

hp · tp +
n∑
p=1

µp · t2p. (38)

In our case, f ′0 = 0, t1 = t2 = 0, µ1 =
4
3

, and µ2 = 0, hence

f(x1, . . . , xn) =
4
3
· t21.
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For t = (0, 0), the value of this objective function is 0.
After that, we solve the equation

n∑
p=1

h2
p

4 · (µp + λ)2
= 1 (42)

with the unknown λ. Since here, h1 = h2 = 0, in the generic case, the left-hand
side is always equal to 0. Thus, we have to look for possible degenerate solutions
λ = −µp, where p = 1 or p = 2.

For p = 1, we have λ = −µ1 = −4
3

. In this case, we can still use the formula

tp = − hp
2 · (µp + λ)

(41)

to determine t2: we get t2 = 0. We can then find t1 from the condition

t21 + . . .+ t2n = 1,

as t1 = ±
√

1− t22 = ±1. Thus, we get two vectors t = (1, 0) and t = (−1, 0). For

both vectors, the objective function (38), which takes the form f =
(

4
3

)
· t21, takes

the value
4
3

.

For p = 2, we have λ = −µ2 = 0. In this case, we can still use the formula (41) to
determine t1: we get t1 = 0. We can then find t2 from the condition t21 + . . .+t2n = 1,
as t2 = ±

√
1− t21 = ±1. Thus, we get two vectors t = (0, 1) and t = (0,−1). For

both vectors, the objective function (38), which takes the form f =
(

4
3

)
· t21, takes

the value 0.
We have 2 different values of the objective function (38): 0 and

4
3

. In accordance
with our algorithm, we compute the smallest and the largest of thus computed values
(38):

• the smallest of these values, 0, is the minimum of (21) under the constraint
(22); and

• the largest of these values,
4
3

, is the maximum of (21) under the constraint

(22).

So, the range of the quadratic function f(x1, x2) = (x1 − x2)2 under the constraint

x2
1 − x1 · x2 + x2

2 ≤ 1 (11)

is the interval
[
0,

4
3

]
.
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Now that we have the result of our computation, we can use this example to
illustrate one of the above mentioned advantages of using ellipsoids to describe
“correlation” between the parameters xi. Indeed, we have mentioned that one of
the objectives of replacing the original box

[x1, x1]× . . .× [xn, xn] (5)

with its ellipsoid subset S is that this replacement will enables us to reduce the
estimated range. Let us describe how big the reduction is in this particular example.

We already know, from the section in which we started this numerical example,

that in our case, x1 = − 2√
3

, x1 =
2√
3

, x2 = − 2√
3

, and x2 =
2√
3

. Therefore, the

box (5) takes the following form:[
− 2√

3
,

2√
3

]
×
[
− 2√

3
,

2√
3

]
. (44)

So, to see how the use of the ellipsoid reduced the range estimate, let us find what
the range estimate would be if we did not reduce ourselves to the ellipsoid. In other
words, let us find out the range of the function (x1 − x2)2 on the box (44).

In general, with respect to each variable xi, the minimum (maximum) of a
function f(x1, . . . , xn) on an interval [xi, xi] is attained:

• either at the left endpoint xi = xi,

• or at the right endpoint xi = xi,

• or inside the interval [xi, xi], in which case
∂f

∂xi
= 0.

For each variable, we therefore have three possible situations. For our function

f(x1, x2) = (x1 − x2)2, there situations are: xi = − 2√
3

, xi =
2√
3

, and x1 = x2.

By combining 3 possibilities for x1 and 3 possibilities for x2, we get the following
3× 3 = 9 possible parameter vectors x = (x1, x2):

x1 = − 2√
3

x1 =
2√
3

x1 = x2

x2 = − 2√
3

(
− 2√

3
,− 2√

3

) (
2√
3
,− 2√

3

) (
− 2√

3
,− 2√

3

)
x2 =

2√
3

(
− 2√

3
,

2√
3

) (
2√
3
,

2√
3

) (
2√
3
,

2√
3

)
x1 = x2

(
− 2√

3
,− 2√

3

) (
2√
3
,

2√
3

)
x1 = x2
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In all these 9 situations, we can compute the corresponding value of f = (x1 −

x2)2. For example, for x =
(

2√
3
,− 2√

3

)
, we have x1− x2 =

4√
3

, hence f(x1, x2) =

(x1 − x2)2 =
16
3

. In general, we get the following 9 values:

x1 = − 2√
3

x1 =
2√
3

x1 = x2

x2 = − 2√
3

0
16
3

0

x2 =
2√
3

16
3

0 0

x1 = x2 0 0 0

Since the minimum and the maximum of f(x1, x2) on the box must be among
these values, the minimum is the smallest of these values, and the maximum is the

largest of these values, so the range of the function on the box is
[
0,

16
3

]
.

We can see that this range estimate is 4 times wider than the actual range
[
0,

4
3

]
.

Thus, this numerical example shows that the use of ellipsoids really helps to decrease
the estimate of the desired range.

6.3 Intervals of correlation

The approach to eliciting the ellipsoid from the expert described in section 4.2
is based on the assumption that the expert knows the relation between different
parameters, and the expert can provide, for each possibly correlated pair (xi, xj),
the value xi,j of the parameter xi that is most reasonable to expect when xj = xj . It
may happen that the expert believes that there is, say, a strong positive correlation
between xi and xj but cannot pinpoint a specific value of xi corresponding to xj =
xj . Instead, the expert may provide an interval [xi,j , xi,j ] of possible values of xi
when xj = xj that represents the expert’s uncertainty. This would correspond to a
set of different ellipsoids. Because we do not know which of these ellipsoids is the
right one, we must consider all of them when estimating the range of the objective
function. In other words, what we need is the range of the objective function
f(x1, . . . , xn) over the union of all possible ellipsoids.

The main advantage of using ellipsoids is that, since the shape of an ellipsoid
is described by a simple formula, it is feasible to compute the range of a quadratic
function over an ellipsoid. A union of ellipsoids can have a much more complex
shape than an ellipsoid. In fact, an arbitrary open set can be represented as a union
of open ellipsoids. We have already mentioned that even for a box, the problem of
finding the exact range of a quadratic function over it is generally NP-hard. So, if
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we try to find the exact range of a quadratic function over an arbitrary union of
ellipsoids, the problem becomes computationally intractable.

It is therefore reasonable, instead of considering arbitrary unions, to enclose
the union into an appropriate ellipsoid and then estimate the range of a quadratic
function over an enclosing ellipsoid.

Once we know the enclosing ellipsoid, we already know how to find the range of
a quadratic function over it. The problem is how to describe this enclosing ellipsoid.
In this section, we will describe techniques for such a description.

It is reasonable to assume that the center of the enclosing ellipsoid is at the same
point x̃ = (x̃1, . . . , x̃n) that is formed by midpoints of the ranges of the corresponding
parameters. Thus, the desired ellipsoid has the form

a(x1, . . . , xn) def=
n∑
i=1

n∑
j=1

ai,j · (xi − x̃i) · (xj − x̃j) ≤ 1. (10)

We assume that we know the values x̃i. Thus, to find the shape of the ellipsoid, we
must find the coefficients ai,j .

For some correlated pairs of parameters (xi, xj), we know the interval [xi,j , xi,j ]
of possible values of xi when xj = xj . How can we transform this information into
the values of the coefficients ai,j?

To explain how this can be done, let us start with the simplest 2-D case, when
an ellipsoid is simply an ellipse. In this case, we know that the intersection of the
enclosing ellipsoid with the line x2 = x2 consists of the interval [x1,2, x1,2]. Thus,
the endpoints of this interval should belong to the surface of this ellipsoid. In other
words, the surface of the ellipsoid should include the points (x1,2, x2) and (x1,2, x2).
In other words, for these points, the left-hand side of the inequality (10) should be
exactly equal to 1. Since x2 − x̃2 = ∆2, we conclude that:

a1,1 · (x1,2 − x̃1)2 + 2 · a1,2 · (x1,2 − x̃1) ·∆2 + a2,2 ·∆2
2 = 1; (45)

a1,1 · (x1,2 − x̃1)2 + 2 · a1,2 · (x1,2 − x̃1) ·∆2 + a2,2 ·∆2
2 = 1. (46)

Thus, we get two equations relating the three unknowns a1,1, a1,2, and a2,2.
We can similarly ask what are the possible values of x2 when x1 = x1; as a

result, we will get an interval [x2,1, x2,1]. Based on this information, we can describe
two more equations relating the three unknowns:

a1,1 ·∆2
1 + 2 · a1,2 ·∆1 · (x2,1 − x̃2) + a2,2 · (x2,1 − x̃2)2 = 1; (47)

a1,1 ·∆2
1 + 2 · a1,2 ·∆1 · (x2,1 − x̃2) + a2,2 · (x2,1 − x̃2)2 = 1. (48)

Now, we can either select 3 out of 4 equations, or apply the least squares method
to all 4 equations, and get all three desired coefficients a1,1, a1,2, a2,2 that describe
our ellipse.
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In the general n-dimensional case, we can apply this procedure for every corre-
lated pair of parameters (xi, xj), and get a description of the corresponding ellipse

a
(i,j)
i,i · (xi − x̃i)

2 + 2 · a(i,j)
i,j · (xi − x̃i) · (xj − x̃j) + a

(i,j)
j,j · (xj − x̃j)

2 ≤ 1. (49)

For independent variables (xi, xj), we can assume (as we did before) that xi,j = x̃i
and hence, the corresponding ellipse takes the form:

a
(i,j)
i,i · (xi − x̃i)

2 + a
(i,j)
j,j · (xj − x̃j)

2 ≤ 1, (50)

where a(i,j)
i,i = ∆−2

i and a
(i,j)
j,j = ∆−2

j . Thus, for every two parameters xi and xj ,
we know how to derive a projection of the desired n-dimensional enclosing ellipsoid
(10) onto the 2-D plane (xi, xj). How can we reconstruct the ellipsoid from its
projections?

It is possible to check that if we go from the matrix ak,l to the inverse matrix zk,l,
then the projection to a two-dimensional plane corresponds simply to restricting the
matrix zk,l to the corresponding variables xi and xj . The algebraic proof of this fact
is similar to our analysis from Appendix 1. Due to the fact that for the normal
distribution, confidence sets are ellipsoids, this fact is also easy to understand in
statistical terms: for the normal distribution

ρ(x1, . . . , xn) =
1

(2 · π)n/2 · det(A)
· exp

− n∑
i=1

n∑
j=1

ai,j · (xi − ai) · (xj − aj)

 ,

The corresponding matrix ai,j is the inverse matrix to the covariance matrix E[(xi−
ai) · (xj −aj)]. When, instead of considering all n random variables xi, we only con-
sider some of them, all we have to do is restrict to covariance matrix to the corre-
sponding variables. Therefore, to reconstruct the ellipsoid from its two-dimensional
projections, we can do the following:

• First, for every i and j, we invert the corresponding matrix a(i,j)
k,l into a matrix

z
(i,j)
k,l .

• Then, we combine the values z(i,j)
k,l into a single matrix:

– For i 6= j, the value zi,j is only present in z
(i,j)
i,j , so we take zi,j = z

(i,j
i,j .

– For i = j, the value zi,i occurs as z(i,j)
i,i for different j 6= i.

We are interested in finding the enclosing ellipsoid, i.e., the ellipsoid
that, crudely speaking, contains all projected ellipses. In terms of
ai,i, the larger the value, the larger the product ai,i ·∆x2

i and thus,
the more restrictive is the corresponding inequality ai,i ·∆x2

i +. . . ≤ 1.
Thus, in terms of ai,i, if we want the most enclosing ellipsoid, we must
select the smallest possible value of ai,i. The values zi,j are inverses
to ai,j .
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Thus, it is reasonable to select the largest possible value of zi,i:

zi,i = min
j 6=i

z
(i,j)
i,i .

As a result, we get the matrix Z = (zi,j) that is the inverse to the matrix A = (ai,j)
that describes the desired enclosing ellipsoid. Knowing Z, we can now use the
algorithm described above to determine the range of a given quadratic function over
the corresponding ellipsoid.

6.4 Nested families of intervals of correlation

What if the experts can provide additional information beyond simple intervals?
Often, when an expert can provide us with an interval [x, x] that is guaranteed to
contain the value of some quantity x, this expert can also provide narrower intervals
that contain x with different degrees of certainty α.

The corresponding family of nested intervals can be viewed in different ways.
For instance, they may be interpreted as a fuzzy set (Nguyen 1996; 1999). Under
this interpretation, the different intervals from the nested family can be viewed as α-
cuts corresponding to different levels of uncertainty α. The family of nested intervals
can also be interpreted as a particular case of a consonant (nested) Dempster-Shafer
structure (Joslyn 1996), or as a multivariate analogue of a p-box (Ferson 2002; Ferson
et al. 2003).

The calculations needed to handle a nested family are fairly simple. For each
degree of certainty α, we can take the intervals corresponding to this degree of
certainty, compute the corresponding ellipsoid, and then follow the algorithm of
section 6.1 to estimate the range of the given quadratic function over this ellipsoid.
As a result, for each α, we get the range estimate corresponding to this α. If the
inputs are additionally concentric as well as nested, the computational burden is
dramatically reduced further. In this case, the calculations needed for each ellipsoid
are identical except for the very last step (panel D of Figure 4), allowing great
computational shortcuts. Instead of a single interval range as the result, we get
a nested family of interval ranges corresponding to different levels of certainty α.
This nested family of intervals can interpreted either as a fuzzy set or as a consonant
Dempster-Shafer structure.

The next section considers the case where arbitrary Dempster-Shafer structures
are provided as function inputs.

7 Propagating Dempster-Shafer structures

We would like to be able to propagate Dempster-Shafer structures through the
quadratic response surface. This section shows that many of the methods and
algorithms developed in this report for interval and ellipsoidal uncertainty extend
to Dempster-Shafer structures.
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A Dempster-Shafer structure is simply a collection of sets of possible values with
weights for each set which add up to unity (see section 3.2). An individual set,
called a focal element, could be an interval or, in the multivariate case, it could
be a rectangular box or an ellipsoid. Mathematical operations on Dempster-Shafer
structures can be decomposed into a collection of similar operations on each pairwise
combination of the focal elements that make up the Dempster Shafer Structures
(Yager 1986; Ferson et al. 2003).

For instance, the sum under independence of two Dempster-Shafer structures,
represented by

{ ([1, 3], 0.4), ([2, 5], 0.6) }

and
{ ([4, 7], 0.2), ([6, 8], 0.8) }

is
{ ([1, 3] + [4, 7], 0.4× 0.2), ([1, 3] + [6, 8], 0.4× 0.8),

([2, 5] + [4, 7], 0.6× 0.2), ([2, 5] + [6, 8], 0.6× 0.8) },

which equals

{ ([5, 10], 0.08), ([7, 11], 0.32), ([6, 12], 0.12), ([8, 13], 0.48) }.

The operation involves computing sums for the Cartesian product of each possible
pair of focal elements, one from the first Dempster-Shafer structure and one from
the second. If there are three input structures, the Cartesian product will be three-
dimensional and the number of separate interval problems it will take to finish the
calculation will be the product of the numbers of focal elements in the three input
Dempster-Shafer structures.

Propagating Dempster-Shafer structures through quadratic response models of
black boxes can likewise be handled by reducing the problem to many interval prob-
lems in a Cartesian product formed by the focal elements of the inputs. How-
ever, propagating Dempster-Shafer structures through a response surface may be
computation-intensive. In fact, if there are a large number of inputs to the model,
even a modest number of focal elements per input would mean the answer will not
be practically computable.

For example, suppose a model has 10 inputs and each input is represented by
a Dempster-Shafer structure with 5 focal elements. Propagating these Dempster-
Shafer structures through a response surface would entail solving the ellipsoid prop-
agation problem described in section 6 many times, once for each element of the
Cartesian product. In total, we would need to propagate

510 = 9, 765, 625
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separate ellipsoids through the response surface. Without reducing the number of
focal elements, most practical problems would require a large amount of computation
time.

It is important to emphasize that the methods described in this report will help
to reduce the computational burden substantially. The use of (reduced) quadratic
models for the black box and ellipsoidal representations of epistemic uncertainty
can vastly simplify each of these interval propagation problems. Indeed, the effi-
ciency may well make many problems involving the propagation of uncertainty in
Dempster-Shafer structures computationally practical.

It is also important to reiterate that the computational expense discussed here
occurs after the black box has been sampled and modeled. No additional runs of
the black-box model are necessary to generalize from intervals to Dempster-Shafer
structures. In theory, the process of propagating elements through a response surface
could be made parallelizable, because each propagation is not dependent on the past
elements. Only at the final step would a condensation procedure need to be used to
reduce the number of focal elements to a manageable level.
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Appendix 1.
Formulas for the ellipsoid from expert information

The elicitation of the multivariate ellipsoid involves two kinds of information: the
breadth of intervals in each dimension and the dependencies between dimensions.
From formula (10) one can see that an ellipsoid is symmetric with respect to the
transformation ∆xi → −∆xi; in other words, if we start with a point inside the
ellipsoid, and we change the signs of all the values ∆xi, then we get a point that is
also inside the ellipsoid. So, if a value ∆xi is possible (i.e., occurs for some point
within the ellipsoid), its negative −∆xi is also possible. Thus, the set of possible
values of ∆xi = xi− x̃i is symmetric with respect to 0, and hence, the set of possible
values of xi is symmetric with respect to x̃i. Thus, the value x̃i is a midpoint of the
range of possible values of xi. We know the range of possible values of xi, because it
is provided by an expert as an interval [xi, xi]. We can compute x̃i as the midpoint
of this interval directly as (xi + xi)/2.

Let us now consider the desired relation between xi and xj . Since the value
xj is possible, the ellipsoid has an intersection with the hyperplane xj = xj . As
we increase xj further, to a value xj = xj + ε for some small ε > 0, we leave the
set of possible values of xj and therefore, the ellipsoid has no intersection with the
corresponding plane xj = xj + ε. Thus, the plane xj = xj is a tangent plane to our
ellipsoid.

An ellipsoid is strictly convex so, at any given point, it has only one point of
intersection with a tangent plane. Thus, when xj = xj , there is only one point in
the ellipsoid. Therefore, when we ask the expert about the possible values of xi
when xj = xj , we should expect not the range but rather a single value of xi. In
other words, instead of asking for a range, it makes sense to ask, for each correlated
pair i and j, what is the most reasonable value of xi when xj = xj . We will denote
this ‘most reasonable value’ by xi,j . Figure 5 depicts an ellipse inscribed in a box
specified by two correlated intervals.

By eliciting this information from the expert, we can extract E values xi,j corre-
sponding to the E pairs that the expert nominated and ranked as most correlated.
When there is a positive correlation between the parameters xi and xj , then, in
accordance with our description of what positive correlation means, we expect xi
to grow with xj . In other words, since xj > x̃j , we expect xi,j > x̃i. When there
is a negative correlation between the parameters xi and xj , then we expect xi to
decrease when xj increases. In other words, since xj > x̃j , we expect xi,j < x̃i. If
there is no correlation, we expect that xi,j is neither larger nor smaller than x̃i –
i.e., we expect xi,j = x̃i. Thus, for all the pairs of parameters (xi, xj) that an expert
considers to be independent or uncorrelated, we take xi,j = x̃i.

Now, for every i, we have the values xi, xi, and x̃i, and for all pairs i 6= j,
we know the value xi,j of xi when xj = xj . How can we transform this infor-
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xi xi,j xi

xj

xj

Figure 5: An ellipse inscribed within a rectangular box specified by the intervals
[xi, xi] and [xj , xj ]. The dependency between xi and xj is determined by the point
of tangency xi,j with the line xj = xj . This point can be any value between xi and
xi.

mation into the coefficients ai,j of the desired ellipsoid (10)? We have mentioned
that at the point where xj = xj , the plane xj = xj is a tangent to the ellip-
soid. According to the definition of the values xi,j , this means that at the point
(x1,j , . . . , xj−1,j , xj , xj+1,j , . . . , xn), the plane xj = xj is a tangent to the ellipsoid.
To simplify the formulation, let us denote xj by xj,j . In this new notation, the
previous statement takes the following form: the plane xj = xj is tangent to the
ellipsoid at the point with the coordinates (x1,j , . . . , xn,j).

From calculus, it is known that a tangent vector to a surface is orthogonal to
its normal vector n, and the normal vector to the surface a(x1, . . . , xn) = 1 is
proportional to the gradient of f , i.e., to the vector

∇a =
(
∂a

∂x1
, . . . ,

∂a

∂xn

)
.

This gradient vector is orthogonal to the plane xj = xj , so the only nonzero com-
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ponent of this gradient vector is its jth component, and all other components are

0. In other words, at the point (x1,j , . . . , xn,j), we have
∂a

∂xi
= 0 for all i 6= j.

Let us use the expression (10) for the function a(x1, . . . , xn) to find an explicit
expression for this partial derivative. To do this we first separate the terms that
depend on xi and the terms that do not depend on xi to obtain

a(x1, . . . , xn) = ai,i · (xi − x̃i)2 +
∑
k 6=i

ai,k · (xi − x̃i) · (xk − x̃k)+

∑
k 6=i

ak,i · (xk − x̃k) · (xi − x̃i) +
∑
k 6=i

∑
l 6=i

ak,l · (xk − x̃k) · (xl − x̃l).

Differentiating with respect to xi, we find that

∂a

∂xi
= 2ai,i · (xi − x̃i) +

∑
k 6=i

ai,k · (xk − x̃k) +
∑
k 6=i

ak,i · (xk − x̃k),

and, because ai,j is a symmetric matrix, that

∂a

∂xi
= 2ai,i · (xi − x̃i) + 2

∑
k 6=i

ai,k · (xk − x̃k),

and, finally, that
∂a

∂xi
= 2

n∑
k=1

ai,k · (xk − x̃k).

At the point with coordinates xk = xk,j , these derivatives must be equal to 0, so

n∑
k=1

ai,k · (xk,j − x̃k) = 0 (A1)

for every i 6= j.
The point with the coordinates x1,j , . . . , xn,j is on the surface of the ellipsoid,

so, for this point, we have a(x1,j , . . . , xn,k) = 1. Substituting the values xk,j into the
formula (10), we conclude that

n∑
i=1

n∑
k=1

ai,k · (xi,j − x̃i) · (xk,j − x̃k) = 1.

This equation can be rewritten as

n∑
i=1

(xi,j − x̃i) ·

(
n∑
k=1

ai,k · (xk,j − x̃k)

)
= 1. (A2)
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Due to equation (A1), we get 0 for all i 6= j, and the only nonzero term is when
i = j. Thus, in the formula (A2), we can replace the first sum with the jth term to
obtain

(xj,j − x̃j) ·

(
n∑
k=1

aj,k · (xk,j − x̃k)

)
= 1,

or, equivalently,
n∑
k=1

aj,k · (xk,j − x̃k) ·∆j = 1, (A3)

where ∆j
def= xj,j−x̃j = xi−x̃j = (xj−xj)/2. Multiplying both sides of the equation

(A1) by ∆j , we conclude that

n∑
k=1

ai,k · (xk,j − x̃k) ·∆j = 0 (A4)

for all i 6= j. Equations (A3) and (A4) can be combined into a single equation

n∑
k=1

ai,k · (xk,j − x̃k) ·∆j = δi,j , (A5)

where δi,j = 1 for i = j and δi,j = 0 for i 6= j.
The formulation becomes much simpler in matrix notation. The value of δi,j are

components of the unit matrix I, and the sum on the left-hand side of the formula
(A5) describes the product A ·X of two matrices:

• the desired matrix A, with components ai,k, and

• the matrix Z, with components zk,j
def= (xk,j − x̃k) ·∆j .

Because A · Z = I, A = Z−1 is a solution, so we can obtain A by simply inverting
the matrix Z.
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Appendix 2.
Formulas to optimize quadratic functions over ellipsoids

Let us first derive the formulas corresponding to replacing the original variables xi
with the new variables ∆xi, i.e., the formulas that are obtained by substituting the
expression xi = x̃i + ∆xi into the objective function (21). After substitution,

f = f0 +
n∑
i=1

fi · (x̃i + ∆xi) +
n∑
i=1

n∑
j=1

ai,j · (x̃i + ∆xi) · (x̃j + ∆xj).

Opening parentheses,

f = f0 +
n∑
i=1

fi · x̃i +
n∑
i=1

fi ·∆xi +
n∑
i=1

n∑
j=1

ai,j · x̃i · x̃j+

n∑
i=1

n∑
j=1

ai,j · x̃i ·∆xj +
n∑
i=1

n∑
j=1

ai,j ·∆xi · x̃j +
n∑
i=1

n∑
j=1

ai,j ·∆xi ·∆xj .

Grouping together terms that do not contain ∆xi at all, terms that are linear in
∆xi, and terms that are quadratic in ∆xi, we get the desired formulas (24)–(26).

Let us now derive the formulas (29)–(32). By definition,

∆xi = ∆x · e(i). (A6)

We want to represent ∆xi in terms of the values yk = ∆x · v(k). To do that, we
expand the vector e(i) into the base v(1), . . . ,v(n) to get

e(i) =
n∑
k=1

(e(i) · v(k)) · v(k). (A7)

We know the coordinates v(k)
i of each eigenvector v(k) in the standard basis e(i), so

we can explicitly compute e(i) · v(k) as v(k)
i . Thus, (A7) turns into

e(i) =
n∑
k=1

v
(k)
i · v

(k). (A8)

Using scalar product to multiply both sides of (A8) by ∆x,

e(i) ·∆x =
n∑
k=1

v
(k)
i · (v

(k) ·∆x). (A9)

Because e(i) ·∆x = ∆xi and v(k) ·∆x = yk, (A9) becomes

∆xi =
n∑
k=1

v
(k)
i · yk,
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which is exactly the desired formula (29). Substituting expression (29) into the
formula (24), we see that

f(x1, . . . , xn) = f ′0 +
n∑
i=1

n∑
k=1

f ′i · v
(k)
i · yk +

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

fi,j · v(k)
i · v

(l)
i · yk · yl,

which is the same as
f(x1, . . . , xn) =

f ′0 +
n∑
k=1

(
n∑
i=1

f ′i · v
(k)
i

)
· yk +

n∑
k=1

n∑
l=1

 n∑
i=1

n∑
j=1

fi,j · v(k)
i · v

(l)
i

 · yk · yl,
which is exactly the desired formulas (30)–(32).

Let us now derive the formulas (37)–(39). Formula (36) implies that tp = u(p) ·y.
As in the derivation of formula (29) above, we see that

yk =
n∑
p=1

u
(p)
k · tp.

As when we first used eigenvectors, substituting this expression into the formula
(30) for the objective function, we find that the quadratic part turns into

∑
µp · t2p,

and that the linear part turns into

n∑
k=1

gk ·

 n∑
p=1

u
(p)
k · tp

 =
n∑
p=1

(
n∑
k=1

u
(p)
k · gk

)
· tp,

i.e., exactly the formulas (38)–(39).
To complete the derivation, we must show that (33) indeed turns into (37). The

values yk are coordinates of the vector y with respect to the standard orthonormal
basis (1, 0, . . . , 0), . . . , (0, . . . , 0, 1). The sum

∑
y2
k is thus the square of the length

of this vector. The values tp are coordinates of the same vector y with respect to an-
other orthonormal basis, namely, the basis formed by the eigenvectors u(1), . . . , u(n).
The sum

∑
t2p is thus also equal to the square of the length of this vector.

Thus, the sums
∑
y2
k and

∑
t2p are always equal, and hence the condition (33)

is indeed equivalent to the condition (37).
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Glossary

affine transformation A geometric transformation in Euclidean space which maps
parallel lines to parallel lines.

basis A set of vectors {a0, a1, . . . , an} is a basis for a vector space if the vectors are
linearly independent of each other and each vector in the vector space can be
written uniquely as a linear combination of the basis vectors.

bisection method A recursive algorithm for finding a root to a function f(x)
equation on the interval a ≤ x ≤ b. The algorithm evaluates the function at
the midpoint of the interval and tests whether the root occurs in the intervals
[a, (a+ b)/2] and [(a+ b)/2, b] until f((a+ b)/2) ≤ ε.

Cauchy distribution A probability distribution function having density f(x) =
1
π

1
1+x2 over the interval −∞ < x < +∞. This distribution has such heavy

tails that its mean is not finite.

Dempster-Shafer structure In this report, a finite collection of intervals from
the real line, each of which is associated with a non-negative value m, such
that the sum of all such m’s is unity. The multivariate generalization of
a Dempster-Shafer structure may have either multidimensional rectangular
boxes or ellipsoids instead of intervals.

diagonalization The process of transforming a square matrix into an equivalent
matrix with nonzero elements only on its diagonal.

eigenvalue and eigenvector A nonzero vector e is an eigenvector of a square
matrix A if there exists a scalar λ (eigenvalue) such that Ae = λe.

ellipse A geometric shape which has two focal elements x1 and x2 and two radii r1

and r2 such that 2A = r1 + r2, where A is a constant.

ellipsoid A multivariate generalization of an ellipse.

focal element A component of a Dempster-Shafer structure for which the associ-
ated non-negative value m is larger than zero. In this report, a focal element
will be an interval of the real line, or, in the multivariate case, a rectangular
box or an ellipsoid.

Gram-Schmidt orthogonalization process is an algorithm to transform a non-
orthogonal basis {w1, . . . , wn} to an orthonormal basis {v1, . . . , vn}:

vk = wk −
n−1∑
j=1

< wk,vj >

||vj ||2
vj for 2 ≤ k ≤ n,

where ||vk|| denotes the length of the vector and < wk,vj > denotes the inner
product between two vectors.
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homogeneous A function is homogeneous of order a if f(tx, ty) = ta + f(x, y)
where t is a scalar.

hyperplane A multivariate generalization of a plane.

indefinite matrix A symmetric matrix having both positive and negative eigen-
values.

infimum Greatest lower bound.

interval A constraint on the value that a number x can take on the real line X ≤
x ≤ X, where X and X are known respectively as the infimum and supremum.

interval vector A generalization of the concept of an interval to vector spaces.

Lagrangian multipliers A method for constrained nonlinear optimization.

Minkowski sum The sum of two sets from A and B: {a+b : a ∈ A, b ∈ B}, where
A,B ⊂ V , and V is a vector space.

NP-hard Computationally intractable in the sense that, as the order of the problem
increases, the effort needed to obtain a solution increases exponentially as a
function that is bounded by no polynomial. Also called NP-complete.

orthonormal basis A basis where each vector has a length 1 and are mutually
perpendicular to each other.

positive definite matrix A symmetric matrix A is positive definite if all of its
eigenvalues are greater than zero.

positive semidefinite matrix A symmetric matrix A is positive semidefinite if
at least one eigenvalue of matrix is equal to zero and the others are positive.

quadratic form A homogeneous quadratic expression
∑i≤k

i=1

∑j≤k
j=1 ai,jxixj where

ai,j is a constant and xi, xj are variables in the expression.

response surface The (usually) univariate output from a function with (usually)
multiple input dimensions, considered as a surface over the space of inputs.

response surface model An approximation of a multivariate function.

supremum Least upper bound.

zone of possible vectors See interval vector.
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