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ABSTRACT 

This paper summarizes several of the most pervasive and pernicious myths about correlations and 

dependencies that interfere with conducting good assessments.  Some of these myths are obvious 

to analysts trained in statistics and widely recognized even though they are still often perpetuated 

for the sake of mathematical convenience.  These myths include the idea that all variables in any 

risk assessment are independent or can be treated as though they are independent.  Other myths 

are subtler or even rather esoteric and do not seem to be widely appreciated by the risk analysis 

community.  These include the ideas that Monte Carlo simulations account for dependence in a 

comprehensive way and that varying correlation coefficients is an effective sensitivity analysis 

when dependence between variables is unknown.  Several of the myths about correlations and 

dependencies outlined here can lead to profound errors in probabilistic risk assessments.  There 

are techniques available, however, to ensure that a proper accounting is made of intervariable 

dependencies, even when information to specify those dependencies is lacking. 
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INTRODUCTION 

Models used in probabilistic risk assessments take two kinds of inputs:  (1) the marginal 

distributions for the different variables and (2) the dependencies between these variables.  The 

second set of inputs is perhaps just as important as the first, but dependence has received 

considerably less attention by theorists and practitioners in risk analysis.  Several recent reviews 

have considered strategies to model inter-variable dependencies in probabilistic models (Helton 

and Davis 2003; 2002; Henderson et al. 2000; Haas 1999; Clemen and Reilly 1999; Cullen and 

Frey 1999; Cario and Nelson 1997; Cooke 1997; Smith et al. 1992; Hutchinson and Lai 1990; 

Morgan and Henrion 1990).  Despite this literature, there are several widely held myths about 

dependence that confuse analysts, perhaps the most pernicious of which is that it is okay to ignore 

correlations and dependencies altogether.  Even analysts who recognize the importance of 

dependence sometimes ignore the issue because of a lack of relevant empirical data on which to 

base a reasoned model. 

This paper is organized as a series of debunked myths about the issue of dependence 

among random variables in models based on mathematical functions of probability distributions.  

It reviews the methodological dangers of assuming all variables in an assessment are independent 

of one another and shows how different dependencies can lead to quantitatively different results.  

It describes several strategies that could be employed to represent knowledge about how the 

random variables are interrelated.  It also includes a discussion of how the very concept of 

independence disintegrates into distinct notions in the context of imprecise probabilities.   

A standard approach in probability theory for modeling a joint distribution has been to 

specify the joint distribution as a product of marginals and conditional distributions (Clemen and 

Reilly 1999).  In this way, arbitrary intervariable dependencies can be expressed in terms of 

conditioning, at least in principle.  For instance, it may be convenient to use distributions that are 

conditional on the values sampled from other distributions.  This approach has been useful in 

hierarchical simulations (e.g., Voit et al. 1995).  This strategy extends to making the parameters 

or even the shape of a distribution depend on the value of other random variable(s).  The task of 

specifying all the necessary conditional distributions grows combinatorially with the number of 

variables, and Clemen and Reilly (1999) suggest that this may make the approach unwieldy for 

large assessment problems.  Unless most of the underlying variables are independent or 
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conditionally independent, this strategy is information-intensive and may not often be practical 

for risk assessments where empirical knowledge is limiting (see Myth 14). 

The rest of this paper consists of discussions of sixteen myths that can seriously impede 

the construction of accurate risk assessments.  Additionally, we draw a few general conclusions 

about how analysts should approach the issue of correlations and dependencies in their 

assessments. 

 

Myth 1 

All variables are mutually independent. 

Many variables in complex natural and engineered systems are, in fact, correlated or have some 

nonlinear interdependence.  Although most risk analysts recognize that it is improper to assume 

that variables are independent in the face of evidence that they are not, many do so anyway as a 

shortcut or mathematical convenience.  In some cases, these counterfactual assumptions are 

laughable, as in the case of assuming the mass of some component and its surface area are 

independent.  In some cases, assuming a perfect or opposite dependence would be a better default 

assumption than independence.  In general, it is incumbent on the analyst to model the 

dependence if only approximately. 

There is also impropriety in cases where independence is routinely assumed when there 

are no observations or other evidence available about the dependence between variables one way 

or the other.  The lack of evidence about dependence does not by itself justify an assumption of 

independence, although many analysts argue as though it does.  Fact:  wishing variables were 

independent so the analysis is easier doesn’t make them so.  In cases when the dependence is 

partially or completely unknown, appropriate methods to account for this epistemic uncertainty 

should be employed. 

 

Myth 2 

If X and Y are independent and Y and Z are independent, then X and Z are too. 

Mutual independence between X and Y and between and Y and Z doesn’t guarantee that X and Z 

are also independent.  In other words, independence is not transitive.  This fact should perhaps be 

obvious to risk analysts.  We have nevertheless observed the corresponding faulty reasoning 

applied in actual risk assessments.  Fact:  independence between X and Y and between and Y and 

Z implies nothing at all about the dependence between X and Z.  Consider the following very 
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simple example.  Let (X, Y, Z) be a discrete distribution consisting of the four points (1,1,1), 

(1,2,1), (3,2,3) and (3,1,3), each with probability ¼.  As depicted in Figure 1, plotting the three 

bivariate scattergrams (X versus Y, Y versus Z, and X versus Z) reveals that X and Y are 

independent, as are Y and Z, but that X and Z are (perfectly) positively dependent on each other.  

If the four equiprobable points of the discrete distribution are instead (1,1,3), (1,2,3), (3,2,1) and 

(3,1,1), then the first two graphs are unchanged, but the third graph would show an oppositely 

dependent relationship between X and Z.   
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It is easy to construct examples in which X is independent of Y and Y is independent of Z, 

but where X and Z have any arbitrary relationship.  Let F denote the distribution function for Y 

and let G denote the joint distribution function for X and Z (which may have any structure at all).  

If the trivariate joint distribution function is H(x, y, z) = F(y) G(x, z), then Y is independent of 

both X and Z, although X and Z are themselves related in any way one might care to specify. 
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Figure 1.  Discrete example of the non-transitivity of independence. 

 

Myth 3 

Variables X and Y are independent if and only if they are uncorrelated. 

Whenever correlation is introduced in beginning statistics courses, a counterexample to this myth 

such as that shown in Figure 2 is immediately presented.  The variables X and Y in this graph are 

uncorrelated, i.e., they have a Pearson correlation of zero.  However, they are clearly not 

independent.  Despite widespread attempts to disabuse students of the difference between 

uncorrelatedness and independence, this myth or the consequences of the myth nevertheless 
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pervade risk assessment.  Uncorrelatedness does not generally* imply independence.  Fact:  

independence implies that the correlation will be zero, but not vice versa. 
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Sometimes the myth appears as “If two variables are normally distributed, then a zero 

correlation between them implies independence.”  Actually, normality of the marginal 

distributions is not sufficient.  Melnick and Tenenbein (1982) provides counterexamples (see also 

Flury 1986; Kowalski 1973).  Fact:  if variables are multivariately normal, then zero correlation 

implies independence. 
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Figure 2.  Variables that are uncorrelated but obviously dependent. 

 

 

*There are exceptions where uncorrelatedness actually does imply independence.  One exception, 

for instance, is when X and Y both have Bernoulli distributions so that P(X = 0) = P(X = 1) = 0.5 

and P(Y = 0) = P(Y = 1) = 0.5.  Let h(x, y) denote the joint mass function for X and Y.  Let a = 

h(0,0), b = h(0,1), c = h(1,0), d = h(1,1), so 0 ≤ a,b,c,d ≤ 1 and a+b+c+d = 1.  Because the 

marginals are Bernoulli distributions, we know that a+b = c+d = a+c = b+d = 0.5.  If X and Y 

are uncorrelated, then r = E(XY) = E(X) E(Y)) / sqrt(V(X) V(Y)) = 0, which implies E(XY) = E(X) 

E(Y).  But E(XY) = ∑ xy h(x,y) = 0×0×a + 0×1×b + 1×0×c + 1×1×d = d.  At the same time, E(X) 

E(Y) = 0.5 × 0.5 = 0.25, so d = 0.25.  But this means that b has to also equal 0.25 (because b+d = 

0.5), and, in fact, the Bernoulli constraints cascade so that a = b = c = d = 0.25, which means 

that h is necessarily the independence copula.  Thus, in this exceptional and highly constrained 

case, uncorrelatedness implies independence. 
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Zero correlation between X and Y means there’s no relationship between X and Y. 

This myth is closely related to the previous one.  The phrase “no relationship” is really just 

another way of saying that knowing the value of either variable doesn’t help in any way to 

establish the value of the other variable.  Figure 2 also provides a counterexample to this myth.  

Fact:  uncorrelatedness does not imply there is no relationship between the variables.  In Figure 

2, X and Y are uncorrelated, but they clearly have a very strong relationship.  Knowing that X is 3 

tells us that Y is around 12.  Knowing that X is 5 tells us that Y is around 15.  Knowing that Y is 8 

tells us that X is either around 2 or around 7.5.  There is an immense amount of information 

embodied in the relationship between the two variables even though they have zero correlation. 
 

 

Myth 5 

Small correlations imply weak dependence. 

Figure 2 also disproves this myth, which is closely related to the previous two myths.  The falsity 

of this one is just as obvious, and yet it appears surprisingly often in multivariate data analyses 

and risk assessments.  Fact: a weak correlation does not guarantee a weak relationship. 
 

 

Myth 6 

Small correlations can be “safely ignored” in risk assessments. 

In an important paper, Smith et al. (1992) suggested that small-magnitude correlations could be 

“safely ignored” in risk assessments seeking estimates of means of linear arithmetic functions of 

random variables.  This is possible because means of sums and products are often similar to 

means for the independent case if a simple dependence with small correlation is introduced 

between the inputs.  In the real world, however, there are three complications that prevent us from 

ignoring dependence among variables.  First, many of the functions we need to evaluate are 

nonlinear.  Second, the dependencies involved are more complicated than can be captured with 

simple correlation coefficients (Myths 3-5<<not hyperlinked>>).  Third, and probably most 

important, risk analysts are usually more concerned about the distributions’ tails rather than their 

means.  Tail risks can be radically influenced by dependencies even if correlation is zero (Ferson 

et al. 2004).  The Smith et al. (1992) paper has been widely overextended and abused, and risk 
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analysts should generally try to account for all dependencies that relate their input variables to 

one another even if they might happen to yield correlations of small magnitude. 
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Let’s suppose that we have a set of variables that are mutually uncorrelated, that is, their 

pairwise Pearson correlation coefficients are all zero.  It is widely understood among risk analysts 

that uncorrelatedness does not imply independence, but the full import of this caveat is not quite 

so widely appreciated.  One might expect or hope that dependence, at least in the case when 

correlations are all zero, would have a negligible or small effect on convolutions.*  This turns out 

to be false.  Although most risk assessors recognize that uncorrelatedness between variables does 

not formally imply their independence, many are apparently not aware of how much difference 

dependence can make in their calculations.  Many patterns of dependence produce the same 

correlation, and, in particular, there are a lot of ways a joint distribution can yield uncorrelated 

variables. 

Consider an example in which X and Y have the same marginal distribution, which is a 

discrete uniform on the integers from 1 to 25.  Thus, the chance that X is 1 is 1/25;  the chance 

that it’s 2 is 1/25, and so on, and the same for Y.  What can be said about the sum X+Y if we 

suppose that X and Y are uncorrelated?  Consider the ten dependence patterns in Figure 3.  The 

abscissa of each plot is the value of X and the ordinate is the value of Y.  Because the distributions 

are discrete, there is a mass (of size 1/25) allotted for each of twenty-five columns in each plot.  

Likewise, the same amount of mass is allotted for each of twenty-five rows.  To make the 

illustration easy to understand, let’s further suppose that all of each row’s mass is concentrated 

into a single slug of density located at some x-value, and all of each column’s mass is likewise 

condensed at one y-value.  (This is different from our previous assumption that the mass in the 

marginal distributions were at discrete points.  We’re not only saying that the mass has to be at 

the integer points, but also that there is only one y-value that has mass for each x-value.)  By 

rearranging these masses on a 25×25 grid, we can create different joint distributions between X 

and Y.  We will consider only those distributions that respect the marginal distributions by 

constraining our arrangements so that each row has only one mass and each column has one 

mass.  Of these, we consider only those patterns that also have a correlation equal to zero (or so 

 

*Convolution is the mathematical operation that finds the distribution of a sum of independent 

random variables from the distributions of the addends.  The term can be generalized to refer to 

similar operations with differences, products, quotients, etc., and to these operations when the 

random variables are not independent.  The distributions that result from convolutions are 

sometimes called “derived” distributions. 
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still many possible arrangements.  Figure 3 depicts only a few of them. 
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Figure 3:  Some possible patterns of dependence between uncorrelated variables. 

 

 Now consider how these patterns of dependencies, all of which are uncorrelated, 

influence the distribution of an arithmetic combination of X and Y.  Figure 4 shows the 

distributions of X+Y associated with each of the ten patterns of dependence shown in Figure 3.  

Also shown in this figure is the distribution under independence (it’s the one going down the 

middle with somewhat smoother tails).  It should probably not be surprising that X+Y depends on 

the dependence between X and Y, but many analysts are surprised to see the magnitude of its 

potential influence.  Note, for instance, that the smallest possible value of the sum ranges between 

2 and 14, depending on which pattern of dependency exists between the addends.  This range is a 

quarter of the entire support of the distribution!  Around the value 14, the cumulative probability 

ranges between zero and almost 30%.  In other words, there might be no chance that the sum is 

smaller than 14, or there might be a 30% chance that it’s smaller than 14. 
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Figure 4:  Some possible distributions of a sum of uncorrelated random variables. 

 

In fact, the true uncertainty about the distribution of the sum is even larger than that 

depicted in Figure 4 which only depicts distributions for the independent case and 10 arbitrarily 

chosen dependent cases.  There are many more patterns of dependency that would lead to 

uncorrelated variables.  For instance, the mass need not be concentrated in unit slugs in the joint 

distribution.  A column’s mass could be distributed throughout the column without altering the 

discreteness of the distributions.  The results depicted in Figure 4 are only a few of the infinitely 

many possible outcomes that are consistent with the uncorrelatedness of X and Y and their given 

marginal distributions.  It can be shown using recently developed mathematical techniques 

(Makarov 1981; Frank et al. 1987; Williamson and Downs 1990; Cossette et al. 2001) that the 

region depicted in Figure 5 represents bounds on all distributions of the sum X+Y that could arise 

when X and Y are uncorrelated and both distributions are uniform on the integers from 1 to 25.<<I 14 

worry that bounds on the sum could be tighter than we’ve shown if the inputs are discrete on the 15 

integers.  Maybe the example should be transformed to the continuous case just so there’s no such 16 

wrinkle possible.>>  We see in Figure 5 that the minimum value of the sum can be any integer 

between 2 and 21, and there could be as much as a 40% chance that the sum is less than 14.  All 

of this uncertainty surrounds the sum of X and Y, even though their marginal distributions are 

precisely specified and even though the variables are exactly uncorrelated. 
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Figure 5:  Bounds on the distribution of the sum X+Y given that X and Y are 

uncorrelated and identically distributed as discrete uniforms on [1,25]. 

 

 The implication of the remarkable breadth of uncertainty about the tail probabilities even 

though the addends are known to be uncorrelated suggests that, in general, making unjustified 

assumptions about independence among variables in a risk assessment can be harmful.  Fact: 

even negligible correlations can greatly influence the results of risk calculations.  This is why 

Myth 1<<not hyperlinked>> is important.  Many risk analysts reflexively assume independence 

among all events or random variables even when they have no particular justification for doing so 

other than mathematical convenience.  It is improper, however, to assume independence among 

variables in an analysis unless there is reliable evidence or a compelling argument that this is a 

reasonable assumption.   If a dependency is neglected, the answer obtained by an analysis 

assuming independence will generally be wrong.   Under certain conditions, the central tendency 

of output distributions could be approximately correct (Smith et al. 1992).   However, the 

estimated dispersion and especially the tail probabilities can be highly inaccurate (Bukowski et al. 

1995; Ferson and Burgman 1995; Ferson 1994; Ferson et al. 2004).   In some cases, the 

dispersion will be larger than it should be.   In some cases, it will be smaller.   In the latter, the 

probabilities of extreme events will likely be underestimated.  These extreme events are often the 

primary focus of the risk assessment.  They may represent very large stresses or threatening 

conditions that correspond to system failures and structural collapses that the risk analysis was 
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intended to assess.  In such cases, it is therefore crucial that these tail probabilities be accurately 

characterized and, in no circumstance, underestimated.  Assuming independence without proper 

justification amounts to wishful thinking and is therefore detrimental to the purposes of risk 

assessment to be a dispassionate and reasoned accounting of the possible adverse consequences 
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Myth 7 

Different correlation coefficients are similar. 

Some risk analysts suggest that it doesn’t make much difference which measure of correlation is 

employed and that the various measures are pretty much interchangeable.  This view is false, 

however, as even cursory inspection of examples will easily reveal.  There are many different 

measures of correlation that are in common use and many more that have been proposed.  The 

most commonly used measures are Pearson’s product-moment correlation and Spearman’s (1904) 

rank correlation, but there are a host of other measures that also arise in various engineering 

contexts, including Kendall’s rank correlation, concordance of various kinds (e.g., Hoeffding 

1947; Lehmann 1966; Scarsini 1984), Blomqvist’s (1950) coefficient, Gini’s coefficient (Nelsen 

1999), etc.  Hutchinson and Lai (1990) review many of these.  The choice of the measure can 

strongly influence the numerical characterization of a scattergram.  Figure 6 shows a variety of 

bivariate relationships as scattergrams.  Note that the units of the abscissa and ordinate are not 

shown because they are irrelevant and do not affect the magnitudes of the correlations.  Each of 

the six scattergrams displayed has the same Spearman rank correlation, which is one, 

corresponding to perfect dependence or comonotonicity.  But the scattergrams have widely 

different Pearson correlation coefficients.  For instance, the Pearson correlation for the 

scattergram in the upper, left-hand graph is one, but the Pearson correlation for the scattergram 

below it in the lower, left-hand graph is about 0.6.  Fact:  the various measures of correlation are 

sensitive to different features of the scattergram. 
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Figure 6.  Different bivariate relationships with the same Spearman rank 

correlation (unity) but widely different Pearson correlation coefficients. 

 

Myth 8 

A correlation coefficient specifies the dependence between two random variables. 

In fact, it takes an entire dependence function or “copula” to fully specify the dependence 

between two random variables (Genest and MacKay 1986; Hutcinson and Lai 1990; Schweizer 

1991; Dall’Aglio et al. 1991; Nelsen 1991; 1995; 1999; Haas 1999; Clemen and Reilly 1999; Li 

2000).  A correlation coefficient is often a very poor summary of the dependence;  it generally 

does not specify or determine the dependence.  Instead, it determines only a class of such 

dependencies.  In other words, many dependence functions have the same correlation.  See Haas 

(1999), Genest and MacKay (1986) or Li (2000) for an introduction to copulas;  see Hutchinson 

and Lai (1990), Nelsen (1999) or Dall’Aglio et al. (1991) for a monographic treatment. 

Copulas are simply the dependence functions that knit together marginal distributions to 

form their joint distribution.  The copula between X and Y is just the joint distribution function 

between the uniformly distributed variables FX(X) and FY(Y), where FX is the distribution function 

for X and FY is the distribution function for Y.  Mathematically, a copula is a function C: [0,1] × 

[0,1] → [0,1] such that C(a, 0) = C(0, a) = 0 and C(a, 1) = C(1, a) = a for all a in [0,1], and 0 ≤ 
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C(a2, b2)-C(a1, b2)-C(a2, b1)+C(a1, b1) for all a, a1,a2,b1,b2 in [0,1], when a1 ≤ a2 and b1 ≤ b2. 

Copulas have relatively simple structures (at least compared to joint distributions in general) and 

have many useful properties.  For instance, they greatly simplify the generation of correlated 

random numbers (see, e.g., Nelsen 1986; 1987; Clemen and Reilly 1999).  Every dependence 

between or among random variables, even including functional relationships, is expressed by 

some copula.  Sklar’s (1959) theorem tells us how to compute the joint distribution function 

H(x, y) from specified marginal distributions and a dependence function represented by a copula.  

For any (univariate) distribution functions F
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X and FY and any copula C, the function  

 

H(x, y) = C(FX(x), FY(y)) 

 

is a two-dimensional distribution function having marginals FX and FY.  This is a decomposition 

of a joint distribution into its marginals and the copula that knits them together (Sklar 1959; 

Schweizer 1991; Nelsen 1999).  Sklar’s theorem generalizes to dimensions higher than two 

(Nelsen 1999; Cossette et al. 2001). 

 It should be obvious that any function like a copula cannot be completely characterized 

by a single dimension such as correlation coefficient.  Iman and Davenport (1980; 1982a) 

illustrate dozens of bivariate patterns of great variety, but all of the pictures they show are 

extremely simple compared to the host of patterns that are possible between two variables.  In 

fact, there are many, many ways for dependence between variables to be expressed.  There can be 

all manner of nonlinear relationships, clusters, subgroupings, impossible regions, and other 

complexities.  Figure 7 can only hint at the possible variety.  Hart et al. (2004) argue that some of 

these nonlinear patterns actually arise in risk assessment problems.  For instance, two swaths of 

points such as those shown in the lower, leftmost scattergram might arise from plotting both 

males and females on a graph of physiological variables.  Loops similar to that shown in the 

lower, rightmost scattergram arise so commonly in data that they have been given several  names, 

including “Kendall’s arch” in ecology, the “circumplex” in psychology, and the “horseshoe” in 

archeology (Wartenberg et al. 1987).  Many of the bivariate patterns illustrated in Figure 7 are 

only very poorly captured by a scalar correlation coefficient.  A copula, on the other hand, can 

completely capture the dependence between any variables. 
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Figure 7.  A handful of bivariate scattergram patterns, only some of which can be 

well characterized by any one-dimensional correlation coefficient. 

 

Despite all appearances, the previous Figure 6 is actually not an illustration of the fact 

that many dependence functions have the same correlation.  All of the scattergrams in this figure 

have exactly the same dependence function.  Their dependence is perfect in that each random 

variable is a non-decreasing function* of the other.  This dependence is expressed by the 

particular copula M(u,v) = min(u,v).  Some authors call this relationship comonotonicity (e.g., 

Müller 1997; Goovaerts et al. 2000; Kaas et al. 2000).  The differences among the scattergrams in 

Figure 6 are due entirely to the differences in the marginal distributions for the abscissa and 

ordinate variables. 

In the assertion above that the correlation does not generally specify the dependence, the 

adverb “generally” was necessary because there some exceptions when the correlation does 

completely determine the dependence.  One exception is the case discussed above of the 

Bernoulli marginals where uncorrelatedness implies independence.  Another exception is when 

the correlation is extreme, that is, when the dependence is perfect or opposite.  In this case, the 

 

*Assuming variables are perfectly dependent (comonotonic) is different from assuming that 

either is completely dependent on the other, which is a more general situation. 
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Spearman rank correlation and Kendall correlation are either +1 or −1 (and the Pearson 

correlation is as large or as small as it can get given the marginal distributions).  When one of 

these correlation measures is ±1, the dependence function is fully determined.  Interestingly, as 

the correlation gets closer to zero, the family of dependence functions having that correlation gets 

larger and larger.  (This fact tends to explain why Myth 6 is not true.)  See Figure 3 for examples 

of scattergrams corresponding to fixed marginal distributions with different dependence functions 

that all have the same Pearson correlation. 

 

Myth 9 

Correlation varies between −1 and +1. 

By convention, most measures of correlation are scaled so that they range in the interval [−1, +1].  

Some measures, such as Spearman correlation, can always range over this entire interval.  But not 

all correlation coefficients can vary across this range for arbitrary marginal distributions.  The 

Pearson correlation, in particular, often cannot achieve either −1 or +1.  For instance, if X is 

uniformly distributed over the unit interval [0,1] and Y is a lognormal distribution with underlying 

µ = 0 and σ = 1, then the correlation between X and Y cannot be any larger than about 0.7.  

Depending on the marginal distributions involved, the largest possible Pearson correlation could 

in fact be arbitrarily close to zero (<<>>).  Fact:  the Pearson correlation coefficient ranges 

within [−1, +1], but it may not reach all possible values in the interval for some marginal 

distributions. 
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Myth 10 

Any correlation can be specified between inputs. 

There are mathematical constraints associated with correlations that forbid certain combinations.   

For instance, one variable cannot be strongly positively correlated with each of two variables that 

are themselves strongly negatively correlated.   Such constraints can be summarized by saying the 

matrix of correlations must always be a positive semi-definite matrix (Eves 1966).   Checking for 

positive semi-definiteness requires a special algorithm (Iman and Davenport 1982b; Ferson 

1996a).  If correlations from different studies are mixed into a single analysis, or if correlations 

are based on hypothetical values or best professional judgment, infeasible configurations may be 
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specified.  Fact: the pairwise correlations for a set of variables must satisfy certain feasibility 

constraints, so not all sets of correlations that one might specify are possible. 
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If the matrix is positive semi-definite, then it is a possible correlation matrix.  If it is not 

positive semi-definite, then it cannot be a correlation matrix in the first place and certainly should 

not be used in modeling dependencies in a risk analysis.  A model that uses an infeasible 

correlation matrix will produce gibberish.  Many specially developed computer codes and even 

some commercially available software packages for Monte Carlo simulation do not check that the 

input correlation matrix satisfies the positive semi-definiteness condition, e.g., early versions of 

@Risk (Palisade Corporation 1996).  Consequently, they will produce nonsensical results 

whenever users specify an infeasible set of correlations.  It is therefore important for analysts 

always to check that the input corresponds to a feasible correlation matrix.   

It is possible and potentially useful to employ the positive semi-definiteness of 

correlation matrices to tighten interval estimates of correlation.  For instance, knowing some of 

the correlations between four variables W, X, Y and Z can inform us about the others.  Suppose 

the matrix 
 

 W X Y Z 

W 1 0 0.7 0.8 

X 0 1 0 ? 

Y 0.7 0 1 ? 

Z 0.8 ? ? 1 
 

characterizes the pairwise correlations, where the question marks mean we don’t know the 

correlation for those variable pairs.  An obvious trial-and-error algorithm that tests possible 

values for the unknown correlations tells us that the correlation between X and Z must be within 

the range [0, 0.6], and the correlation between Y and Z must be in the range [0.13, 0.99].  Any 

values outside these ranges would violate positive semi-definiteness of the correlation matrix.  

Thus, the knowledge about the magnitudes of some of the correlations allows us to impute 

something about the correlations of the others. 
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Perfect dependencies between X and Y and between X and Z imply perfect 

dependence between Y and Z. 

Extending the ideas discussed above about constraints on the correlation matrix, one might have 

expected that if a variable X is maximally correlated to variable Y, and variable Y is maximally 

correlated to variable Z, then we might be able to conclude that and X and Z are also maximally 

correlated.  Expressed in other terms, comonotonicity between both X and Y and between Y and Z 

would seem to imply there should likewise be comonotonicty between X and Z.  Furthermore, one 

might expect that if X and Y are maximally correlated (comonotonic) and Y and Z are minimally 

correlated (sometimes called “countermonotonic”) then X and Z should be minimally correlated 

(countermonotonic) too. 

Unfortunately, this strategy of using available information about the relationships among 

some variables to inform us about the relationships among others does not extend to feasibility 

constraints on the qualitative (sign) information about dependencies, which is especially weak.  

Even information about how some variables are perfectly or oppositly dependent does not induce 

constraints that can be used to make inferences about unknown dependencies.  Indeed, seemingly 

self-evident inferences involving extremal dependencies are demonstrably false.  For instance, 

suppose A and B are oppositely dependent and that A and C are oppositely dependent.  Thinking 

something like “the enemy of my enemy is my friend”, one might expect that it would be possible 

to infer from this that B and C are perfect dependent.  However, this is not a correct inference.  

Although one can infer that B and C could not be oppositely dependent, they may be independent.  

Here is a simple example.  Consider discrete distributions such that there are four possible 

configurations as given in the following table. 
 

A B C 

1 3 3 

2 1 3 

2 3 1 

3 1 1 
 

It is easy to see by plotting these three variables against each other in various combinations, that 

A and B are oppositely dependent on one another, as are A and C.  (Their Pearson correlation is 

−0.707, but their Spearman correlation is −1.)  Nevertheless, B and C are independent.  Likewise, 

it is very easy to construct examples in which a variable X is perfectly associated with both Y and 
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Z, and yet the variables Y and Z themselves are independent.  Thus, one cannot use information 

that some variables are maximally dependent to infer very much about other variables. 
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Let // denote perfect dependence, i.e., maximal correlation and comonotonicity, and let \\ 

denote opposite dependence, i.e., minimal correlation and countermonotonicity.  Below are facts 

that correct some of the mistaken ideas: 
 

Fact:  X // Y, and Y // Z  do not imply X // Z. 

Fact:  X // Y, and Y \\ Z  do not imply X \\ Z. 

Fact:  X \\ Y, and Y \\ Z  do not imply X // Z. 
 

Perhaps even more surprising is that X // Y and Y // Z together don’t even imply that X and Z can’t 

be independent.  A counterexample is easy to construct.  Let (X, Y, Z) be discrete, taking on of the 

four values (1,1,1), (1,2,3), (3,2,1), and (3,3,3), each with probability ¼.  Sketching the three 

bivariate plots reveals that X // Y and Y // Z, but X and Z are independent.  It is possible to 

conclude from perfect dependence between X and Y and between Y and Z that X and Z cannot be 

oppositely dependent, but that is a fantastically weaker conclusion that will rarely matter in a 

practical risk assessment. 

If Y and Z are independent, then f(Y) and g(Z) are also independent, where f and g are 

arbitrary measurable functions (Roussas 1997, page 166).  One might expect this fact could be 

extended to comonotonic or countermonotonic variables, but this is not the case.  Let ⊥ denote 

independence.   
 

Fact:  X // Y, and Y ⊥ Z  do not imply X ⊥ Z. 

Fact:  X \\ Y, and Y ⊥ Z  do not imply X ⊥ Z. 
 

The combination of perfect dependence with independence is subtle, and the mistakes that 

analysts make are understandable.  In fact, however, assuming perfect or opposite dependence 

between X and Y and independence between Y and Z doesn’t allow any conclusion at all about the 

dependence between X and Z.  Any relationship between them is possible.  One example would 

be where (X, Y, Z) take on the four values (1,1,3), (2,1,1), (2,3,3) and (3,3,1), each with 

probability ¼.  Bivariate sketches show that X // Y and Y ⊥ Z, but X \\ Z.  If the equiprobable 

points were instead (1,1,1), (2,1,3), (2,3,1) and (3,3,3), then still X // Y and Y ⊥ Z, but now X // Z. 

This flexibility about dependencies might be surprising because it seems to contradict the 

strictures on correlations mentioned in the discussion of the previous myth.  In fact, the constraint 

of positive semi-definiteness that correlations must observe does not generalize to the case of 
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dependencies, even in the extreme cases where correlations are minimal or maximal.  This is 

another example of the richness of dependence in general as compared to the much narrower 

measures of correlation. 
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Myth 12 

Monte Carlo simulations can account for dependencies between variables. 

Cullen and Frey (1999, page 202) complain that critics of Monte Carlo simulation unfairly accuse 

it of “ignoring correlations”.  They point out that restricted pairing methods developed by Iman 

and his colleagues allow analysts to construct deviates in Monte Carlo simulations that have a 

prescribed correlation (Iman and Conover 1982; Iman and Davenport 1982a; 1982b; Iman and 

Helton 1985; Iman and Shortencarier 1984; Helton 1993; Helton and Davis 2002; 2003).  

However, what Cullen and Frey don’t mention is that these algorithms pick a particular 

dependency function with the prescribed correlation, and that this is only one of infinitely many 

possible dependencies having this correlation.  Fact:  Monte Carlo methods can simulate 

correlations, but they do so by making unstated assumptions about the nature of the copula 

representing the dependence function.  Monte Carlo methods cannot truly account for 

correlations in the sense of computing how low or high risks might be without making such 

assumptions.  As discussed in consideration of Myth 6 the effect on numerical results of these 

different dependence functions can be substantial, even though they may all have the same 

correlation coefficient.   

The origin of Myth 7 discussed above seems to be due to the mistaken impression that 

Monte Carlo simulation fully or reasonably accounts for correlations.  Given a magnitude of the 

correlation, one observes scattergrams from Monte Carlo simulations that are fairly similar to one 

another whichever measure of correlation is used.  For instance, when specifying a correlation of 

0.5, it makes little difference whether the Spearman or the Kendall correlation is used as the 

resulting bivariate scattergrams are visually indistinguishable (Nelsen 1986; 1987).  This 

similarity is, of course, mostly a consequence of the very myopic selection of the dependence 

function used in Monte Carlo simulations to generate correlated deviates.  There are generally 

other possible choices for the dependence function that have the same correlation and yet produce 

substantially different scattergrams and result in considerably different answers. 
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Varying correlation coefficients constitutes a sensitivity analysis for uncertainty 

about dependence. 

Fact:  varying correlations is insufficient to explore the possible nonlinear dependencies between 

variables.  For this reason, a sensitivity analysis based on varying correlation gives an incomplete 

picture of uncertainty that is far too tight, even if we vary correlation between −1 and +1.  As an 

example, consider the problem of estimating the distribution of the sum A+B, where A and B are 

both uniform random numbers over the interval [2,13] but the dependence between A and B is 

unknown.  The range of distributions that would be seen in Monte Carlo simulations by varying 

the correlation between A and B over its possible range of [−1, +1] is shown in Figure 8 as a gray 

slanted hourglass.  This hourglass can be computed by using any Monte Carlo simulation package 

that handles correlations such as Crystal Ball (Decisioneering 1996; Burmaster and Udell 1990; 

Metzger et al. 1998); @Risk (Palisade Corporation 1996; Salmento et al. 1989; Barton 1989; 

Metzger et al. 1998), or Unicorn (Cooke 2002), simply by varying the correlation between the 

extreme possible values.  This hourglass can be compared with the best possible limits on these 

distributions computed without any assumptions about dependence.  These limits form a black 

parallelogram underneath the hourglass.  The limits can be computed using the methods of Frank 

et al. (1987; Williamson and Downs 1990; Berleant and Goodman Strauss 1998; see also Myth 15 

below).  The black parallelogram is substantially larger than the gray hourglass, and, although the 

bulk of the difference is about the central parts of the distribution rather than the extreme tails, the 

potential tails risks are underestimated by the Monte Carlo sensitivity analysis strategy. 
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Figure 8.  The range of distributions of sums A+B obtainable from Monte Carlo 

simulations varying the A,B correlation between −1 and +1 (gray 

hourglass) and best possible limits on these distributions making no 

assumptions about dependence (black parallelogram). 
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Myth 14 

A model should be expressed in terms of independent variables only. 

Some methodologicians (e.g., Morgan and Henrion 1990) argue that it would be best for an 

analyst to reduce any risk assessment problem involving dependent variables into one involving 

only independent variables by conditioning distributions as mentioned in the introduction or 

functionally modeling the physical or biological relationships among the variables.  This strategy 

does not try to characterize the dependencies statistically, but rather sidesteps the problem 

altogether.  In the case of a risk expression involving correlated variables X and Y, this strategy 

would replace the Y with some function of X based on the physical relationship that produced the 

dependency between the variables in the first place.  If this relationship is completely specified, 

the value of Y can be precisely determined solely by the value of X.  Of course, cases of such 

complete predictability are very rare in science and engineering, and generally the function will 

involve a random error term that represents the residual uncertainty about Y after accounting for 

X.  By construction, however, this error term can be made independent of X, and therefore the 

problem with two correlated variables has been changed into a different problem with two, or 

possibly more, independent variables. 

Although this approach can require considerably more scientific understanding about the 

modeled system than is commonly available in risk assessments, some analysts feel this strategy 

is the best way to treat dependencies.  For instance, the developers of the probabilistic modeling 

software package Analytica* suggest that any dependencies present should be accounted for and 

modeled explicitly (Morgan and Henrion 1998).  In fact, their package does not even support 

user-defined correlations, so it forces users to untangle any dependencies before they can begin 

an analysis. 

This purist approach does not always provide a workable strategy however.  For example, 

suppose an analyst has been charged with conducting a risk assessment for vegetation wildfire in 

 

*Analytica is the successor to the Demos software (Morgan and Henrion 1990). 

 22



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

the Everglades that might be sparked by a malfunction and explosion of solid-propellant boosters 

used at Cape Canaveral.  Such an assessment would likely be very complex and might involve 

considerations about current weather patterns such as a wind rose, humidity distributions, recent 

weather’s impact on the vegetation’s fire risk, and a host of sundry design and mission 

parameters.  The model of the explosion’s effects on the ground vegetation might require 

probability distributions for the mass and surface area for fragments of the propellant and the 

housing vehicle.  These variables are clearly unlikely to be stochastically independent of one 

another.  A functional modeling approach to accounting for their dependence would be to develop 

a submodel about how the fragments were produced in the explosion process itself.  Obviously, 

this could significantly enlarge the modeling effort. 

Even if the analyst were game to undertake the challenge of modeling the generation of 

explosion fragments, there could be other pesky correlations and dependencies among the 

weather parameters.  For instance, wind speed and humidity may not be independent 

meteorological variables in south Florida.  Vegetation fire risk tends to vary over the course of a 

year.  Therefore the timing of launches may tend to covary with fire risk on the ground.  To 

explicate all of these dependencies by functional modeling, the analyst would need to employ (or 

become) a meteorologist.  At some point, the analytical demands of the functional modeling 

approach will likely become prohibitive.  Besides the obvious disadvantage owing to the extra 

modeling effort that may be required by the use of functional modeling to account for 

dependencies in a risk assessment, there is one further caveat:  it is not generally sufficient to 

transform the model into uncorrelated variables (Myth 6);  they must be statistically independent 

variables. 

A similar and related strategy is to use stratification to obviate the need to model 

dependencies.  Some risk analysts find it useful to stratify the assessment by creating relatively 

homogeneous subgroups that have similar characteristics to reduce dependencies among variables 

(Frey 1992; Cullen and Frey 1999).  For these cases, one isolates the covariance into the 

difference between the groups.  Within groups, the assumption of independence is more 

reasonable and workable.  For instance, if some components were manufactured at Oak Ridge, 

Tennessee, and some were manufactured in Paducah, Kentucky, it may be reasonable to treat 

these two subgroups in completely separate analyses rather than trying to pool them together into 

a heterogeneous population of components manufactured at two facilities.  Such stratification by 

age group or gender is often employed in human health assessments in part to avoid having to 

specify and model correlations.  The separate treatment of different receptor wildlife species can 

also be viewed as an example of this strategy.  The cost of this strategy is that the analysis 
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becomes more complex and cumbersome because it must be repeated for each new group in the 

stratification. 
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Strictly speaking, the idea that a model should be expressed in terms of independent 

variables only might better be labeled an “opinion” than a “myth”, but the idea is so clearly 

unworkable in general that it seems fair to list it here with other ideas that are impediments to 

conducting good risk assessments.  Modeling all the underlying sources of the dependencies will 

quickly become unwieldy and may be recursively complex.  Fact:  a statistical approach is 

needed to handle dependencies in most risk assessment models. 

 

Myth 15 

You have to know the dependence to model it. 

Recent algorithmic advances (Frank et al. 1987; Williamson and Downs 1990; Berleant and 

Goodman-Strauss 1998; Cossette et al. 2001; Ferson et al. 2004; Berleant and Zhang 2004) allow 

the calculation of bounds on risks (1) under only partially specified dependence functions, or 

even (2) without any assumption whatever about dependence.  Even if there is no information at 

all available about the dependence function relating variable X and Y for which we know the 

respective marginal distributions F and G, it is still possible to compute upper and lower bounds 

on the distribution for Z = X+Y as 
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where sup and inf denote the supremum and infimum respectively.  These limits are bounds on 

the distribution function of the sum for every possible value z it might take.  The limits are based 

on the classical Fréchet-Hoeffding limits for the dependence (copula) function.  This formula was 

used, for instance, to compute the black parallelogram depicted in Figure 8.  There are similar 

formulas for the distribution of differences, products, quotients, etc. 

When there is partial information about the dependence function, such as that the 

relationship between X and Y is certainly positive (positive-quadrant dependent, Nelsen 1999; 

Lehman 1966), then bounds on the distribution for Z can be computed with a formula like 
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There are similar formulas for differences, etc., and for dependence functions that are surely 

negative.  See Cossette et al. (2001) or Ferson et al. (2004) for a fuller discussion of these 

formulas and general strategies to compute bounds on derived distribution functions when the 

dependence between their arguments is imprecisely known.  Berleant and Zhang (2004) describe 

an alternative linear programming solution to this problem. 

 

Myth 16 

The notion of independence generalizes to imprecise probabilities. 

In probability theory, there are several ways to define the concept of independence between 

events and between random variables.  For events A and B characterized by real-valued 

probabilities P(A) and P(B), independence between A and B is implied by any of the following 

conditions: 

i) P(A & B) = P(A) P(B), 

ii) P(A ∨ B) = P(A) + P(B) − P(A) P(B), 

iii) P(A | B) = P(A) if 0 < P(B), 

iv) P(B | A) = P(B) if 0 < P(A), 

where P denotes the probability of an event.  It is an elementary exercise in mathematical 

probability to prove that each of these four conditions implies the others (Mood et al. 1974, page 

40).  The case of random variables similarly has several possible definitions for independence.  

For random variables X and Y characterized by the joint distribution H with marginals F and G 

such that P(X ≤ x) = F(x), P(Y ≤ y) = G(y) and P(X ≤ x, Y ≤ y) = H(x, y), then independence 

between X and Y implies, and is implied by, each of the following conditions: 

i) H(x,y) = F(x) G(y) , for all values x and y, 

ii) P(X∈I, Y∈J) = P(X∈I) P(Y∈J), for any subsets I, J of the real line, 

iii) h(x,y) = f(x) g(y) , for all values x and y,  

iv) P(x ≤ X | Y = y) = P(x ≤ X) and P(y ≤ Y | X = x) = P(y ≤ Y), for all x and y, 

v) E(w(X)z(Y)) = E(w(X)) E(z(Y)), for arbitrary functions w and z, and 

vi) ϕX,Y(t,s) = ϕX(t) ϕY(s). 

where P is probability, f, g and h are density analogs of F, G and H respectively, E is expectation, 

and ϕ denotes the Fourier transform (characteristic function).  As was true for events, when 

probabilities are precise these various definitions of independence between random numbers are 

all equivalent.  Each definition implies all the others.  Therefore, there’s a single concept of 
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independence, expressed by the product copula Π, that simultaneously embodies all of these 

possible definitions. 

 There is a decidedly different story in the context of imprecise probabilities (Walley 

1991), robust Bayesian analysis (Insua and Ruggeri 2000; Berger 1985), or Dempster-Shafer 

evidence theory (Shafer 1976; Caselton and Luo 1992; Tonon et al. 2000), where an input 

variable might be modeled by a class of probability distribution functions rather than a single, 

precisely specified probability distribution.  When probabilities are imprecise, the special case of 

independence, which is unique in probability theory, disintegrates into several different cases.  

Couso et al. (2000) pointed out that, for imprecise probabilities (which includes both Dempster-

Shafer structures and probability boxes as special cases), the various possible definitions of 

independence are no longer equivalent to each other.  The different definitions induce distinct 

concepts of independence for imprecise probabilities.  Couso et al. (2000) defined a half a dozen 

concepts that might be called independence, including epistemic independence and strong 

independence. 

• Epistemic independence arises when an analyst’s uncertainty about either of two 

outcomes of a random experiment does not change when some information about the 

outcome of one of them becomes known.  Random variables X and Y are epistemically 

independent if the conditional probability of each given the other is equal to its 

unconditional probability, so that P(X|Y) = P(X) and P(Y|X) = P(Y).  In the context of 

imprecise probabilities, epistemic independence is defined in terms of lower bounds on 

expectations such that E(f(X)|Y) = E(f(X)) and E(f(Y)|X) = E(f(Y)) for all functions f where 21 

E(Z) denotes the infimum of all expectations of Z over all possible probability 

distributions that could characterize Z. 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

• Strong independence is the complete absence of any relationship between random 

variables.  Variables X and Y are strongly independent if the set of possible joint 

distributions is the largest set such that each joint distribution H(x, y) = F(x) G(y), where 

F is one of the possible distribution functions characterizing X and G is one of the 

possible distribution functions characterizing Y.  Variables X and Y should be 

characterized as strongly independent if (i) X and Y result from random experiments, each 

governed by a unique albeit possibly unknown probability distribution, (ii) the random 

experiments are stochastically independent (in the traditional sense), and (iii) there is no 

known relationship between the variables that would preclude some possible 

combinations of the possible marginal distributions. 
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Couso et al. (1999) gave examples of how these different definitions could alter the numerical 

calculations for a risk calculation based on imprecise probabilities.  Fetz (2001; Fetz and 

Oberguggenberger 2004) illustrated the consequences of the various independence definitions in 

a probabilistic assessment for an engineering system.  (In the light of these differences, it is clear 

that Myth 3 and Myth 4 are actually distinct ideas, even though they seem very similar.)  Cozman 

and Walley (2001) explored the properties of epistemic irrelevance and epistemic independence.  

Fact: there are several distinct concepts that could rightly be called independence in the context 

of imprecise probabilities (Couso et al 1999).  These concepts are not equivalent to one another 

and they can lead to numerical differences in convolution results. 

CONCLUSIONS 

One common strategy for dealing with dependencies among variables is to simply ignore them 

and assume all variables are independent of one another.  It is still common practice among risk 

analysts in many quarters to assume independence among variables even when this assumption is 

known to be false.  The reasons for this are many, ranging from mathematical convenience and 

the laziness of the analyst, to the preliminary nature of the analysis, to the inaccessibility of ready 

and workable alternative strategies and misconceptions about how important dependence can be 

in risk assessments.  Despite its commonness, this strategy is clearly indefensible, and it is 

potentially dangerous if it yields underestimates of risks of extreme adverse events. 

The discussion of the various myths about correlation and dependence in this paper has 

indicated that there are several alternative strategies that can be used by analysts to properly 

account for knowledge or lack of knowledge about correlations and dependencies among the 

variables in a risk assessment.  These strategies range from functionally modeling the with 

understanding of the mechanistic relationships between the variables, building models with 

conditional distributions that reflect the importance dependencies, developing statistical 

(phenomenological) models of the statistical correlation between variables, and bounding the 

output distributions without making unjustified assumptions about the dependence between the 

input variables. 
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